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L@= E=9F G> 9 HGHMDI9LAGF GN=J 9F< GIR=NAEQIBREILAE=K L@= HIG;=<MJ= OADD ?AN= 9 >C¢
=KLAE9L= KGE=LAE=K QGM OADD := OJGF? 1@= HJG:9:ADALQ L@9L L@= HJIG;=<MJ= ?AN=K
KAEHDQ L@= HIGHGJLAGF G> L@= LAE=K L@9L L@= =KLAE9L= AK OJGF? 1@= ;GF>A<=F;= A
G> LAE=K L@9L L@=9FKO=J AK JA?@L 1@=HJG:9:ADALQ G> KGE=L@AF? @9HH=FAF? AK =PI
G> L@= LAE= L@9L AL ;9F := =PH=;L=< LG @9HH=F -JGHGJLAGFK 9J= OJALL=F 9K <=;AE9D >.
HJG:9:ADALA=K &> L@= HJG:9:ADALQ L@9KASKIL @ABB PIIKEEFIQADD E9C= L@= K9D= AK
IMOJL=JK G> L@= LAE=L@= K9D= AK E9<=

%- ='38-*6 ;.8- 78&8.78.(7

/=>D=;L GF O@9L QGM @9N= BMKL J=9< 4@9L QGM 9J= ?GAF? LG D=9JF LG <G :Q D=9JFAF?

L@=JA?@L 09Q LG E9C= =<M;9L=< ?M=KK=K #GJ EGKL KLM<=FLK KLILAKLA;K AK FGL 9 >9NG
9K @9J< GJ ;GKEA; GJ BMKL HD9AF ;GF>MRQ& K@BGD< = LQAFCAF? ]& ;GMD< BMKL KC
9F< ONGA< E9CAF? AF>=J=F;=K 9:GML O@9L HGHMD9LAGFK 9J= DAC= :Q 9DO9QK ;GDD=;LAF
HGHMDILAGF 9F< CFGOAF? >GJ KMJ= O@9L L@= HGENDDERAQHR GBKABAC3ES :9;C LG EGF=Q

9F< ALK EGF=Q L@9L E9C=K QGM L9C= KLIL GDD=;LAF? <9L9 GF 9 O@GD=HGHMDI9LAGF AK I
9F< G>L=F 9DEGKL AEHGKKA:D= &> QGM ;9F E9C= 9 ?GG< =<M;9L=< AF>=J=F;= 9:GML 9 HGHI
;GDD=;L=<>JGE 9 KE9DD HGJLAGF G> L@9L HGHMD9LAGF QGM OADD := 9:D= LG K9N= QGMJ
9 DGL G> LAE= 9F< B3 EM@ADD 9DKG := 9:D= LG E9C= AF>=J=F;=K 9:GML HGHMD9LAGFK >GJ Ot
<9L9 GF L@= O@GD= HGHMD9LAGF AK NAJLM9DDQ AEHGKKA:D= )=9JFAF? KLILAKLA;K FG
J=KGMJ;=K D9L=J 9F< A> L@= J=KGMJ;=K K9ON=< D9L=J 9J= ?J=9L=J L@9F L@= ; GHL@DD-9JFA
= OGIL@QO@AD= LG D=9JF KL9LAKLA;K &L AK EQ @GH=L@9L L@= 9HHJG9;@ >GDDGO=< A
AFALA9D ;GKL G> D=9JFAF? KLO9LAKLA;K &> QGM @9N= 9DJ=9<Q @9< >AF9F;= QGM_DD MF
9HHJGY9;@ LG D=9JFAF? KLI9LAKLA;K OADD AF;J=9K= L@= F=L HJ=K=FL N9DM= G> AFN=KLAF
<=;,J=9KAF? L@= AFALA9D ;GKL

&E9?AF= @GO DGF? AL OGMD< L9C= 9F< @GO =PH=FKAN= AL OGMD< := A> FF 9F< (=NAF <=;A
LG >AF< GML O@9L KAR= KG;C =N=JQ ;GDD=?= NGDD=Q:9DD HD9Q=J OGJ= AF GJ<=J LG K== A
L@= K9E= KAR= KG;CK 9K :9KC=L:9DD HD9Q=JK Q CFGOAF? @GO K9EHD=K 9J=J=D9L=< LG H
(=NAF ;9F IMA;CDQ 9F< AF=PH=FKAN=DQ ?=L 9 ?GG< A<=9 G> O@9L KAR= KG;CKNGFD=Q:9DD
#GGL@ADD 9 DGL G> EGF=Q 9F< C==HAF? 'G@F *;$J9L@ @9HHQ

1@=J= 9J= LOG :9KA; LQH=K G> AF>=J=F;=K L@9L ;9F := E9<= 1@= >AJKL AK LG =KLAE9L=
L@= HGHMDOLAGF MKM9DDQ ALK E=9F 1@= K=;GF< AK LG K== A> L@= HGHMDY9LAGF @
>GJ =P9EHD= QGM EA?@L O9FL LG AF>=J A> 9 HGHMDI9LAGF @9K 9 E=9F ?J=9L=J L@9F

G> AF>=J=F,= @QHGL@=KAK L=KLAF? AK O@9L O= OADD ;GF;=FLJ9L= GF &> QGM MF<=JKlL
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=KLAE9LAGF AKI@KI>X 9J= E9FQ 9HHDA;9LAGFK =KH=;A9DDQ AF EGJ= 9<N9F;=< KL9LAKLA;K
<A>=J=F;= :=LO==F =KLAE9LAGF 9F< @QHGL@=KAK L=KLAF? K==EK :DMJJ=<

78.1&8.32

"KLAEOLAGF AK GF= G> L@= :9KA; AF>=J=FLA9D KLI9LAKLA;K L=;@FAIM=K 1@= A<=9 AK KAEI
K9EHD= 9F< HJG;=KK AL AF KGE= 09Q L@9L QA=D<K 9 ?GG< AF>=J=F;= G> KGE=L@AF? 9:C
1@=J=9J= LOG LQH=K G> =KLAE9L=K HGAFL =KLAE9L=K 9F-GARICINOBGAHRIAERLAKI = QGM
KAEHDQ >AF< L@= KAF?D=FME:=J L@9L QGM L@AFC AK QGMJ :=KL ?M=KK G> L@=;@9J9;L=J/
QGM ;9F AE9?AF= QGM OADD K=D<GE := =P9;LDQ ;GJJ=;L :ML A> QGM E9C= QGEWIGKDREIL=
K=D<GE := N=JQ >9J OJGF? %GO LG ;GJJ=;LDQ E9C= L@=K= =KLAE9L=K AK 9F AEHGJL9FL H9J

1G E9C= 9F AFL=JN9D =KLAE9L= QGM <=>AF= 9F AFL=JN9D OAL@AF O@A;@ QGM :=D/
;@9J9;L=JAKLA; DA=K $dK2390DBQ=J L@= AFL=JN9D L@= EGJ= ;GF>A<=FL QGM 9J= L@9L A
HGHMDIOLAGF ;@9J9;L=JAKLA; L GF==PLJ=E= QGM @9N=;GEHD=L= ;GF>A<=F;=L@9L L@=E
DA=K :=LO==F [W 9F< W :ML L@9L AF>GJE9LAGF @9K DALLD=N9DM= L L@= GL@=J =PLJ=E=
;GE>GJL9:D= L@I9L L@= HGHMDY9LAGF E=9F @9K 9 N9DM= ;DGK= LG L@9L ?M=KK=<:Q 9 ;GJJ
=KLAE9L= QGM @9N=9DEGKL FG ;GF>A<=F;= |R=JG HDMK" LG KL9LAKLA;A9FK L@9L L@= HGI
=IM9D LG L@= =KLAE9L= 1@=J= AK-LO3SFOA<L@ G> L@= AFL=JNID 9F< ;GF>A<=F;=L@9L A
L@=HGHMDIOLAGF E=9F %GO LG >AF< 9 F9JJGO J9F?= OAL@ 9F 9;;=HL9:D= D=N=D G> ;GF>A<:
D=9JF=< O@=F D=9JFAF? KL9LAKLA;K

=438-*7.7 8*78.2,

1@= GL@=J LQH= G> AF>=J=F;= AK @QHGL@=KAK L=KLAF? 1@GM?@ @QHGL@=KAK L=KL
MK= KAEAD9J EQL@=E9LAK L@=Q ESCF=RME><S>F;=K 9:GML L@= HGHMDI9LAGF "KLAE9LA!
FG HIJAGJ KL9L=E=FL 9:GML L@= HGHMD9LAGF AL AK <=KA?F=< LG E9C= 9F =<M;9L=< ?M=K
L@9L QGM CFGO FGL@AF? 9:GML %QHGL@=KAK L=KLAF? L=KLK LG K== A> L@= HG}
;@9J9;L=JAKLA;\K9Q 9 ;=JL9AF E=9F 1@AK OGJCK :Q MKAF? KL9LAKLA;A9FK_ CFGOD=<?= G>
>JGE HGHMDIOLAGFK OAL@ ;=JL9AF ;@9J9;L=JAKLA;K 9J= DAC=DQ LG DGGC LG K== A>L@= K
@9N=;GE=>JGE KM;@ 9 HGHMDIY9LAGF

KAEHD= =P9EHD= AK HJG:9:DQ L@=:=KL 0O9Q LG ?=L LG L@AK OL9LAKLA;A9FK CRSO L@IL A
FME:=J G> K9EHD=K G> L@= K9E= KAR= L9C=F >JGE L@= K9E= HGHMDI9LAG® 9 E-9N<397=< LC
L@GK= K9EHD= E=9FK =IM9DK L@= E=9F G> L@= GJA?AF9D HGHMDIOLAGF 9F< L@9L EGKL (
OADD := >9AJDQ ;DGK= LG L@= HGHMD9LAGF E=9F &> QGM @9N= 9 K9EHD= L@9L QGM KMKI
HGHMDIOLAGF QGM ;9F L=KL L@= @QHGL@=KAK L@9L L@= HGHMDILAGRBSEAAMADK KGE
QGMJ K9EHD= @9K 9 E=9F ;DGK= LG E GJ FGL &> QGMJ K9EHD= @9K 9 E=9F ;DGK= LG E QG|
K9Q L@9L QGMJ K9EHD= AK DAC=DQ LG := GF= G> L@= K9EHD=K >JGE 9 HGHMD9LAGF OAL@

1£140.2,

&L AK AEHGJL9FL LG J=;G?FAR= L@9L L@=J= AK 9FGL@=J ;GKL LG MKAF? KLILAKLA;K =N-=
KLOLAKLA;K K O= K9A< :=>GJ= QGM 9J= F=N=J KMJ= L@9L QGMJ AF>=J=F;=K 9J=;GJJ=;L 1@
O9FL QGMJ AF>=J=F;= LG := =AL@31Ia@KBBHD= QGM OADD @9N= LG ;GDD=;L 9F< L@= EGJ
EGF=Q QGM_DD @9N= LG KH=F< GF ;GDD=;LAF? AL GJ L@= ?J=9L=J L@= ;@9F;= QGM EMKL
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9 EAKLIC= 9KA:98DQGMJ K9EHD= AK 9 ?GG< J=HJ=K=FLILAGF G> L@= O@GD= HGHMDOL/
E=E:=JK >JGE 9;JGKK L@= JI9F?= G> L@= HGHMD9LAGF AF HIGHGJLAGFK KAEAD9J LG L@9L
AF>=J=F:=K E9<= OADD := ?GG< &> QGM E9F9?= LG HA:C 9 KO9EHD= L@9L AK FGL 9 ?GG< J=H
HGHMDILAGF QGMJ AF>=J=F;=K 9J= DAC=DQ LG := OJGF? Q :@GGRENP; BRHI=HKSIE@HDD(
:@9F:= G> 9 K9EHD= O@A;@ AK J=HJ=K=FLILAN= G> L@= HGHMDILAGF 9F< AF;J=9K= L@=

AF>=)=F:=

1@= AFLMALAGF :=@AF< L&EIRAR—O9EOL QGM O9FL LG AF>=J L@= E=9F G> 9 HGHMD9LAGF 1
L@AK AK LG ;@GGK= 9 K9EHD= >AF< L@= E=9F G> L@9L K9EHD= 9F< MK= L@9L K9EHD= E=9
L@=HGHMDI9LAGF E=9F &> QGMJ K9EHD= @9HH=F=< LG AF;DM<=9DD GJ9DEGKL 9DD G:K=.
9J=9L L@= @A?@ =F< G> L@GK= AF L@= HGHMDI9LAGF QGMJ K9EHD= E=9F OADD GN=J=KLA
&> QGMJ K9EHD= AF;DM<=K JGM?@DQ =IM9D FME:=JK G> G:K=JNI9LAGFK OAL@ J@A?@" 9F:
N9DM=K L@= E=9F G> L@= K9EHD= OADD := ;DGK= LG L@= HGHMDI9LAGF E=9F 9F< L@= K9E
9 ?GG< AF>=J=F;= G> L@= HGHMDIOLAGF E=9F &> QGMJ K9EHD= AF;DM<=K EGKLDQ G:K=JNO9I
G>L@= HGHMDI9LAGF QGM OADD 9DKG ?=L 9 ?GG< AF>=J=F;= +GL=L@9L L@= K9EHD= E=9F
=IM9D LG L@= HGHMDILAGF E=9E, @BOHGKL KI9EHD=K OADD @9N= 9 JGM?@ :9D9F;= :=LO=-
9F< DGO 9F< EA<<D= N9DM=K L@= K9EHD= E=9F OADD MKM9DDQ := ;DGK= LG L@= LIM= HGH
LG ?GG< K9EHDAF? AK LG 9NGA< ;@GGKAF? L@= E=E:=JK G> QGMJ K9EHD= AF 9 E9FF=J L@9l
E9FQ |@A?@" GJ LGG E9FQ |DGO” G:K=JNILAGFK

1@=J= 9J= L@J== :9KA; O9QK LG 9;;GEHDAKGM.-@RK@GEB-6QGMJ KOEHD= R&MCPBQ
;@GGK= 9 KLJ9LA>A=< K9EHD= GJ QGM ;9F ;@GGK= 9 ;DMKL=J K9EHD= 4@AD= L@=J= AK F(
KAF?D= K9EHD= OADD := J=HJ=K=FL9LAN= >GDDGOAF? L@= <AK;AHDAF= G> J9F<GE KLJOLA
?J=9LDQ J=<M;=K L@= HJG:9:ADALQ G> ;@GGKAF? 9F MFJ=HJ=K=FL9LAN= K9EHD=

"-*7&140.2,).786.'98.32

1@= L@AF? L@9L E9C=K KLILAKLA;K OGJC AK L@9L KLILAKLA;A9FK @9N= <AK;GN=J=< @C
HGHMDIOLAGFK 1@AK E=9FK L@9L KLI9LAKLA;A9FK 9F< :Q L@= =F< G> L@= ;GMJIK= QGNM
L@= HGKKA:D= K9EHD=K >JGE 9 HGHMDI9LAGF 9J= L9C=F 9F< KGE=L@AF? ?=F=JA;9DDQ ;¢
;GEHML=< >GJ =9;@ K9EHD= KGE=L@AF? AK CFGOF 9:GML @GO L@= F=O HGHMD9LAGF G>
>JGE =9;@ K9EHD= AK J=D9L=< LG L@= GJA?AF9D HGHMDY9LAGF #GJ =P9EHD= A>9DD G> L@
9J= L9C=F >JGE 9 HGHMDY9LAGF L@= E=9F G> =9;@ K9EHD= AK ;GEHML=< 9F< L@=F L@= E=!
E=9FK AK >GMF< KLI9LAKLA;A9FK CFGO L@9L L@= E=9F G> L@= K9EHD= E=9FK AK =IM9D LG L¢
HGHMDOLAGF

1@=J= 9J= E9FQ HGKKA:D= K9EHDAF? <AKLJA:MIzAGFK KIH@AKLX K ;9F = ;GEHML=< >JGE L(
KOEHD=K 9F< =9;@=3ABL GJA?AF9D HGHMDILAGF OADEJH=B8I-@>OEHD=K 1@= 9E9RAF
L@AF? 9F< L@= L@AF? L@9L E9C=K AL HGKKA:D= LG E9C= AF>=J=F;=K 9:GML HGHMD9OLAGF
L@=J=9J= 9 >=0 KLILAKLA;K O@A;@ 9DD @9N= 9:GML L@= K9E= K9EHDAF? <AKLJA:MLAGF C
K9EHD=K >JGE E9FZ3AL. HGHMDOLAGFK

6GM 9J= HJG:9:DQ KLADD 9 DALLD= ;GF>MK=< 9:GML O@9L 9 KOQEHDAF? <AKLJA:MLAGF AK &
AF L@= ;@9HL=J GF L@= +GJE9D 9F< L <AKLJA:MLAGFK F =P9EHD= @=J= OADD @=DH &E9
HGHMDILAGF\L@= KG;C KAR=K G> 9DD G> L@= NGDD=Q:9DD HD9Q=JK AF L@MQ0OuUL@& LDIF
KO9EHD= G> 9 ;=JL9AF KAR= K9Q KAP 9F<>AF< L@=E=9F G>L@9L K9EHD= 1@=F L9C=9FGL@
KAR=K 9F< >AF< L@= E=9F G> L@9L K9EHD= *¥=3+HALIKHMHIBASCMFLAD QGM_N=>GMF< L@=E
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9DD G> L@= HGKKA:D= KOEHGM @GACHA@ BN= ?=F=J9L=< 9 F=O HGHMD9LAGF L@= HGHMDO9L,
E=9FK 1@AK HGHMDI9LAGF AK L@= K9EHDAF? <AKLJA:MLAGF =;9MK= KL9LAKLA;A9FK G>L=F
G> E=E:=JK G> L@AK F=O HGHMD9LAGF OADD L9C= GF ;=JL9AF N9DM=K A> L@=Q CFGO ;=.
GJA?AF9D HGHMDIOLAGF O= OADD := 9:D= LG E9C= ;=JL9AF AF>=J=F;=K 9:GML L@= GJA?AF
KAF?D= K9EHD=

#2.:86.&8* &2) 1908.:&6.&8* 78&8.78.(7 78&8.78.(7 &2) 8-* .)*& 3+ &2 3'7*6:&8.32

HGHMDOLAGF E9Q AF;DM<= BMKL GF= L@AF? 9:GML =N=JQ E=E:=J G> 9 ?2JGMH GJ AL E9
EGJ= L@AF?K 9:GML =N=JQ EEEAL@=J ;9K= L@=J= OADD := GF= G:K=JNILAGF >GJ =9;@ ?JGI
2FAN9JA9L= KLILAKLA;K 9J= ;GF;=JF=< OAL@ E9CAF? AF>=J=F;=K 9:GML GF= N9JA9:D= HGHN\
AK L@= E=9F K@G= KAR= G> :MKAF=KK KLM<=FLK * *MDLAN9JA9L= KLILAKLA;K AK ;GF;=JF=<
9:GML L@= 09Q L@I9L LOG GJ EGJ= N9JA9:D=K 9J= ;GFF=;L=< AF L@= HGHMD9LAGF DAC= ]<
?J9<= HGAFL 9N=J9?=K MKM9DDQ @9N= :AQ AEHGILL®O19:GML EMDLAN9JA9L= KLILAKLA;K /
9DDGOK QGM LG E9C= :=LL=J HJ=<A;LAGFK &> QGM @9< LG HJ=<A,L L@= K@G= KAR= G> 9 :\
@9< >GMF< GML L@9L KLM<=FLK OAL@ @A?@ ?J9<= HGAFL 9N=J9?=K MKM9DDQ @ON=:A? >:
?J9<= HGAFL 9N=J9?= EA?@L @=DH *MDLAN9JAI9L= KLI9LAKLA;K 9J= HGO=J>MD 9F< >AF< 9HH
>AF9F;= 9F< ;GKL 9;;GMFLAF?

FF %G09J< 9F< (=NAF 0;@EA<L EA?@L MK= EMDLAN9JA9L= KLILAKLA;K A> *J *;$J9L@ 9KC=<
L@===LK G> J9<AG 9<N=JLAKAF? GF KG;C K9D=K 1@=Q ;GMD< ;GDD=;L 9 EMDLAN9JA9L= K9E
N9JA9:D=K >JGE =9;@ G> 9 FME:=J G> ;ALA=K\J=;=FL ;@9F?=K AF K9D=K 9F< L@= 9EGMFL KH-
Q MKAF? EMDLAN9JAI9L= L=;@FAIM=K QGM OADD D=9JF AF D9L=J ;@9HL=JK FF 9F< (=NAF ;9
9<N=JLAKAF? E=9FK EGJ= KG;C K9D=K

32(097.32

K QGM ;9F K== L@=J= AK 9 DGL G> ?2JGMF< LG ;GN=J :Q L@= =F< G> L@QAK ;GMJIK= 1@=J= 9J-
EGKL G> O@9L QGM D=9JF LG?=L@= HGHMDILAGFK-EFEFKIEHO=KF<@=99F< AF>GJEILAGF

9F< EGKL AEHGJL9FL K9EHDAF? <AKI=ZJAMUMAGEK GML OAL@ L@= =9KA=KL H9JL <=K;JAHLA
LMJIFAF? <9L9 AFLG AF>GIH9UAGE>6-KKGJ OADD HJG:9:DQ KCAH KGE= ;@9HL=JK GJ <G 9 ;@
L@==F< G>L@=:GGC :=>GIKGREIDEIAF L@=:GGC KDGF? 9K QGM ;GN=J L@=;@9HL=JK ]!
OL9LAKLA;K 9F< >J=IM=F;Q <AKLJA:MLAGFK" ]1@= FGJE9D 9F< L@= L <AKLJA:MLAGFK" ]*9C,
L@9L AK 9DJA?@L

6GM K@GMD< D=9JF EGJ= L@9F BMKL KLILAKLA;K :Q L@= LAH:=9LAKLE KFEAK =X RIQINAS
D9Z=DQ :=;9MK= MF<=JKL9F<AF? O@9L AK ?GAF? GF J=IMAJ=K L@9L QGM D=9JF LG KL9F< :9
L@AF?K QGM ;9FFGL E=EGJAR= AL 9DD QGM @9N= LG >A?MJ= GML EM;@ G> AL 1@AK OAl
KLI9LAKLA;K FGL BMKL D=9JF KL9LAKLA;K >GJ ALK GOF K9C=

6GM OADD <G EM;@ :=LL=J A> QGM 9LL=F< ;D9KK J=?MD9JDQ 9F< A> QGM J=9< =9;@ ;@9HL=
#AJKL L@=<9Q :=>GJ= QGM 9J=?GAF? LG <AK;MKK 9 LGHA; AF ;D9KK J:Mk «@EGD I 9I=>
A> QGM MF<=JKLIF< =N=JQL@AF? 0=,GF< KGGF 9>L=J 9 LGHA; @9K :==F ;GN=J=< AF ;D9KIl
979AF L@AK LAE= ?GAFESOGODIXMI= QGM ;9F K== O@9L AK ?GARP-GF MAFBINPQ->GJ= L@=
=P9E 1@GM?@ L@AK AK 9 ?J=9L KLILAKLA;RKGBLI1 BF<MIMSF= MF<=JKLI9F<K KLILAKLA;K L
LAE=



Chapter 1. Descriptive Statistics and Fequency Distributions

1@AK ;@9HL=J AK 9:GML <=K;JA:AF? HGHMDI9LAGFK 9F< K9EHD=K 9 KM:B=;L CFGOF 9K <=K;JA
OADD 9DD E9C= EGJ= K=FK= A> QGM C==H AF EAF< L@9L L@= AF>GJE9LAGF QGM O9FL LG H
G> L@= HGHMDIYLAGF GJ K9EHD= 9K 9 O@GD= FGL 9 <=K;JAHLAGF G> GF= E=E:=J G> L@=
LGHA; AF L@QAK ;@9HL=J AK 9 <ABMKI A K =FLAIDDQ HA;LMJ=K G> HGHMDI9LAGFK GJ |
0=;GF< OADD = L@= <AK;MKKAGF G> <=K;JAHLAN= KLILAKLA;K 1@= LGHA;K 9J= 9JJ9F?=< AF
12?0>6<@6B2 ?@.[@B>2AMBM?@L G> 9K O9QK LG <=K;JA:= L@= HA;LMJ= G> 9 HGHMDILAGF |

Distributions

1@= >AJKL KL=H AF LMJFAF? <9L9 AFLG AF>GJE9LAGF AK LG ;J=9L= 9 <AKLJA:MLAGF 1@=
HJ=K=FL 9 <AKLJA:MLAGF AK LG KAEHDQ DAKL AF GF=;GDMEF =9;@ N9DM=L@9L G;;MJIK AF L
F=PL ;GDMEF L@=FME:=J G> LAE=K AL G;;MJK &L AK ;MKLGE9JQ LG DAKL L@= N9DM=K >JGE |
KAEHD= DAKLAF? ARBIA28016?@>6/A@BGJ= =D=?9FL 09Q LG LMJF <9L9 AFLG AF>GJE9LAGI
<J90 9 ?J9H@ G> L@= <AKLJA:MLAGFL®KINIBAMARLQ@IL G;;MJ 9J= HML 9DGF? L@= @GJARGF
L@=>J=IM=F;Q G> L@= N9DM= AK GF L@= N=JLA;9D 9PAK

FF AK L&GHMAHE=FL E9F9?=J >GJ L@=Ia@AIDD=LA; L=9EK 9L 9EGKMF GDD=?=ARG3A8< AF 3
JALAK@ GDME:A9 0@= ;9DD=< L@= :9KC=L:9DD 9F< NGDD=Q:9DD L=9E E9F9?=JK 9F< ;GDD-
<9L9 GF KG;C KAR=K MK=<:Q L@=AJ HD9Q=JK FF >GMF< GML L@9L D9KL Q=9J L@= :9KC=L:¢
G> KAR= KG;CK H9AJK G> KAR= HI9AJK G> KAR= 9F< H9AJK G> KAR= 0=J=MK=< 1
L=9E MK=< H9AJK G> KAR= HOAJK G> KAR= HOAJK G> KAR=  H9AJIBAGK BLARARSF<

FF 9JJ9F?=< @=J <9L9 AFLG 9 <AKLJA:MLAGF 9F< L@=F <J=0 9 ?J9H@ ;9DD=< 9 @AKLG?J9E
;:J=9L=< 9 J=DI9LAN= >J=IM=F;Q <AKLJA:MLAGF 9K O=DD 9K 9 >J=IM=FQI<RKLAK:M@AG AFK®—=9<A:
G> DAKLAF? @GO E9FQ LAE=K =9;@ N9DM= G;;MJJ=< FF OGMD< DAKL O@9L HIGHGJLAGF G>
MH G> KG;CK G> =9;@ KAR=

6GM ;9F MK= L@= "P;=D L=EHD9L= :=DGO #A?MJ= LG K== 9DD L@= @AKLG?J9EK 9F< >J=
;J=9L=< 6M E9Q 9DKG ;@9F?= @=J FME:=JK AF L@= Q=DDGO ;=DDK LG K== @GO L@= ?J!
9MLGE9LA;9DDQ

2/ 2==:< 9:/8=/A=,- -+ 38%>-=9:B,><38/<<<=+=3<=3-< :

a 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="BEBIOL= G> 9 AKLG?J9E [ K== HH=F<AP

+GLA;= L@9L FF @9K <J90OF L@= ?39HABEAXD= >AJKL ?J9H@ K@= @9K MK=< :9JK >GJ =9;(
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O@AD= GF L@= K=;GF< K@= @9K <J9OF 9 HGAFL >GJ L@= J=DILAN= >J=IM=F;Q G> =9;@ KAR
L@= <GLK" 4@AD= :GL@ E=L@G<K 9J= ;GJJ=L O@=F QGM @9N= N9DM=K L@9L 9J= ;GFLAI
LG <G KGE=L@AF? EGJ= DAC= L@= |;GFF=,L L@= <GLK" ?)A6ED2@R @KARSRIY=L9C= GF 9
DAEAL=< FME:=J G> N9DM=K ,L@=J D@@BEAKAZMBM=K L@=Q ;9F L9C= GF 9F AF>AFAL= FME::
N9DM=K L@GM?@ O= 9J= G>L=F AF L@= @9:AL G> FGIRBERBP2AR-@GD EM;@ KLM<=FLK O=A?
4@AD= O= MKM9DDQ ?AN= GMJ O=A?@L AF O@GD= CADG?J9EK AF 9F9<9 ]& O=A?@ CADGC
O=A?@L L@9L AK =P9;LDQ KG E9FQ CADG?J9EK 4@=F QGM K9Q ]& O=A?@ * QGM 9;LM9DDQ |
=LO==F  9F<  CADG?J9EK 4 9J= @=9<AF? LGO9J< 9 2J9H@ G> 9 <AKLJA:MLAGF G> 9 ;C
N9JA9:D= O@=J= L@= J=DILAN= >J=|BR@SBNERK N=JQ KEIDD :ML L@= J=DILAN= >J=IM
G:K=JNILAGFK :=LO==F LOG N9DM=K AK E=9KMJ9:D= 4@9L O= O9FL LG <G AK LG ?=L MK=< L
LGLID 9J=9 MF<=J 9 |;GFF=.L L@= <GLK" J=D9LAN= >J=IM=F;Q ?J9H@ >JGE L@= DGO=KL LG
N9DM= AK GF= 1@=F L@= H9JL G> L@= 9J=9 MF<=J L@= ?J9H@ :=LO==F LOG N9DM=K AK L@
G:K=JNILAGFK OAL@ N9DM=K OAL@AF L@9L JOF?= 1@= @=A?@L G> L@= DAF= 9:GN= 9FQ
9FQ <AJ=;L E=9FAF? :=:9MK= AL AK FGO L@= 9J=9 MF<=J L@= DAF= :=LO==F LOG N9DM=K L
>J=IM=F;Q G> 9F G:K=INILAGF :=LO==F L@GK= LOG N9DM=K G;;MIJAF?

6GM ;9F ?=L KGE= A<=9 G> @GO L@AK OGJCK A> QGM ?G :9;C LG L@=:9J ?I9H@ G> L@= <AKL.
‘ML <J90 AL OAL@ J=D9LAN= >J=IM=F;Q GF L@= N=JLA;9D 9PAK &> QGM 9J:ALJ9JADQ <=;A<=L
G> GF= L@=F L~92=9%52 0A>B20==F 9F< AK KAEHDQ L@= @=A?@L LAE=K L@= OA<L(
:9J >GJ KG;C KAR= &> QGM O9FL=< LG >AF< L@= J=DI9LAN= >J=IM=F;Q G> KG;C KAR=K :=L

QGM ;GMD< KAEHDQ 9<< LG?=L@=J L@= 9J=9 G> L@=K9FLG3HARSFL@IUE< L@=:9J
>GJKAR= :=LO==F O9F<

Descriptiv e statistics

+GO L@IL QGM K== @GO 9 <AKLJA:MLAGF AK ;J=9L=< QGM 9J= J=9<Q LG D=9JF @GO LG <=
LOG E9AF L@QAF?K L@IL F==< LG := <=K;JA:=< 9:GML 9 <AKLJA:MLAGF ALK DG;9LARFA%F< ALK
=KL LG ?AN= 9 KAF?D= E=9KMJ= 9K L@= <=K;JAHLAGF G> L@= DG;9LAGF 9F< 9 KAF?D= E=9KM
L@= K@9H=

*&2

1G <=K;JA:= L@= DG;9LAGF G> 9 <AKLJA:MLAGF KDEARISABASRIK MK@S <AKLJA:MLAGF 1@=J:
9J= 9 FME:=J G><A=FL O9QK LG >AF< L@=LQHA;9D N9DM= :ML :Q >9J LO@EEKR 60SGX AK L@=
MKM9DDQ KAEHDQ ;9RD=<6E9DJ=9<Q CFGO @GO LG >AF< L@= 9JAL@E=LA; E=9F QGM 9.
LG ;9DDAF? AB2@42 OLILAKLA;A9FK MK= 9N=J9?= EGJ= ?=F=J9DDQ \ L@= 9JAL@E=LA; E=9F
FME:=J G> <A3=FL 9N=J9?=K )GGC 9L L@=>GJEMD9 >GJ L@=9JAL@E=LA; E=9F

L

=N

DD QGM <G AK 9<< MH 9DD G> L@= E=E:=JK G> E%I—EH{I\MAM“EEQ @GO E9FQ E=E:=JK

L@=J=98=1@= GFDQ LJA;,C AKLG J=E=E:=J L@9IL A> L@=J= AK EGJ=L@9F GF=E=E:=J G> L@=
9 ;=JL9AF N9DM= LG 9<< L@9L N9DM= GF;=>GJ =N=JQ E£{E}=rD@8L @AM AL@F =IMILAGF >GJ
E=9F KGE=LAE=K AK OJALL=F
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> filzi)

N
O@=FFAK L@= >J=IM=F;Q G> E=E:=JK G> L@= HGHMDI9LAGF OAL@ L@= N9DM=

1@AK AK J=9DDQ L@= K9E=>GJEMD9 9K 9:GN= &> L@=J=9J= K=N=F E=E:=JK OAL@ 9 N9DM=G
OGMD< @9N= QGM 9<< K=N=F L=F LAE=K 1@= K=;GF< >GJEMD9 KAEHDQ @9K QGM EMDLAHI
KO9E= L@AF? 9K 9<<AF? LG?=L@=J L=F K=N=FK

L@=J E=9KMJ=K G> DG;9LAGF 9J= L@= E=<A9F 9F<92@6-: E&K+ @@NIDM= G> L@= E=E:=J G>
L@= HGHMDI9LAGF L@9L AK AF L@= EA<<D= O@=F L@= E=E:=JK 9J= KGHL=<¢cAIE3H90B=KI
E=E:=JK G> L@= HGHMDI9LAGF @9N= N9DM=K @A?@=J L@9F L@= E=<A9F H@< B9D@9IN= N¢
AK 9 :=LL=J E=9KMJ= G> DG;9LAGF A> L@=J=9J= GF=GJ LOG E=E:=JK G> L@= RGHMDILAGF L(
DGL KE9DD=J L@9F 9DD L@= J=KL OM;@ =PLJ=E= N9DM=K ;9F E9C= L@= E=9F 9 HGGJ E=9KM
L@=Q @9N= DAEIDEFb@= E=<A9F &> L@=J= 9J= 9F G<< FME:=J G> E=E:=JK G> L@= HGHMD?9
FG HIG:D=E >AF<AF? O@A;@ E=E:=J @9K L@= E=<A9F N9DM= &> L@=J=9J=9F =N=F FME:=J G
HGHMDIOLAGF L@=F L@=J= AK FG KAF?D= E=E:=J AF L@= EA<<D= &F L@9L ;9K= BMKL 9N=J¢
G>L@=LOG E=E:=IKL@IL K@9J= L@= EA<<D=

1@=L@AJ< ;GEEGF E=9KMJ= G> DG; 9t G RAIQGRFDIN= 9JJ9F?=< L@= HGHMD9LAGF AFLG 9 >
GJ J=DI9LAN= >J=IM=F;Q <AKLJA:MLAGF L@= EG<= AK =9KQ LG >AF< :=;9MK= AL AK L@= N9DM:
4@AD= AF KGE= K=FK= L@= EG<= AK J=9DDQ L@= EGKL LQHA;9D E=E:=J G> L@= HGHMD9LA
F=9J L@= EA<<D= G> L@= HGEMEEADKEG@9N= EMDLAHD= EG<=K & 9E KMJ= QGM @9N= @=¢
K9Q L@IL JAL B3KIB 16?@>6/A@61@9L KAEHDQ E=9FK L@9L L@=J= O=J=LOG EG<=K LOG N9l
G;;MJJ=<=IM9DDQ EGKL G>L=F

&> QGM L@AFC 9:GML AL QGM K@GMD< FGL := KMJHJAK=< LG D=9JF L@9L >GJ :=DD K@9H-
E=<A9F 9F< EG<= OADD :==IM9D *GKL G> O@9L KLILAKIZKANAFCO@EF=JIJAF? L@= DG;9LA
G> 9 HGHMDIOLAGF AK <GF=OAL@ L@=E=9F FGL@=JL@AF? LG L@AFC 9:GML AK MKAF? 9 KI
*A;JGKG>L "P;=D O@=F 9JJ9F?AF? <9L9 AFLG 9 >J=IM=F;Q <AKLJA:MLAGF GJ O@=F >AF<AF? L(
Q MKAF? L@= KGJL 9F< <AKLJA:MLAGF ;GEE9F<K AF GJ KAEAD9J ;GEE9F<K AF "P;=D <9L!
= 9JJ9F?=< AF GJ<=J GJ HD9;=< AFLG N9DM= ;D9KK=K 9F< L@= FME:=J AF =9;@ ;D9KK >GMF<
>MF;LAGF3"/$"Z >GJ>AF<AF? L@= 9JAL@E=LA; EGSF; % 9DKG @9IN=L@= KHJI=9<K@==L HJG
<J90 QGMJ >J=IM=F;Q GJ J=DILAN= >J=IM=F;Q <AKLJA:MLAGF

,F= G> L@= J=9KGFK L@9L L@= 9JAL@E=LA; E=9F AK L@= EGKL MK=< E=9KMJ= G> DG;9LAGF
G> 9 KOEHD= AK/8P?21 2?@69.@G> L@= HGHMDY9LAGF E=9F =;9MK=L@= K9EHD= E=9F AK 9F |
=KLAE9LGJ G> L@= HGHMDOLAGF E=9F L@= K9EHD= E=9F AK 9 ?GG< 09Q LG E9C= 9F AF
HGHMDY9LAGF E=9F &> QGM @9N= 9 K9EHD= >JGE 9 HGHMD9LAGF 9F< QGM O9FL LG ?M=KK"
HGHMDO9LAGF AK QGM ;9F D=?ALAE9L=DQ ?M=KK L@9L L@= HGHMD9LAGF E=9F AK =IM9D LG
1@AK AK 9 D=?ALAE9L= 09Q LG E9C= L@AK AF>=J=F;= :=;9MK= L@= E=9F G> 9DD L@= K9EH
E=9F G> L@= HGHMD9LAGF KG A> QGM MK=< L@AK E=L@G< E9FQ LAE=K LG AF>=J L@= HGHI
QGM < :=;GJJ=L

DD G> L@=K= E=9KMJ=K G> DG;9LAGF ;9F := >GMF< >GJ K9EHD=K 9K O=DD 9K HGHMD9LA
>GJEMDYK $=F=J9BBQ/K=< >GJ 9 HGHMDI9LAGFAROMRE< >GJ KOEHD= E=9FKORHH=J
J=9DDQ 9 $J8=@K MK=<>GJ L@= KAR= G> 9 HGHMDI9LAG 8 AMR=D&EIHIEKD= KAR= 1@GM’
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AL AK FGL MFAN=JK9D KLILAKLA;A9FK L=F< LG MK= L@= $J==C 9DH@9:=L >GJ HGHMD9LA
/IGE9F 9DH@9:=L >GJ K9EHD= ;@9J9;L=JAKLA;K

*&796.2, 43490&8.32 7-&4*

*=9KMJAF? L@= K@9H= G> 9 <AKLJA:MLABRVBK BGBLAGF @9K GFDQ GF= <AE=FKAGF ]O0@-
‘ML K@9H= @9K 9 DGL G> <AE=R¥EFKOBC 9:GML LOG 9F< QGM OADD >AF< L@9L EGKL G> L
GF= <AE=FKAGF G> K@9H= AK E=9KMJ=< 1@= LOG <AE=FKAGFK G> K@9H= <AK;MKK=< @=
KQEE=LJQ G> L@= <AKLJA:MLAGF 1@= KAEHD=KL 09Q LG E=9KMJ= L@= OA<L@ AK LG <G BM
<AKL9F;= :=LO==F L@= DGO=KL 9F< @A?@=KL E=E:=JK G> L@= HGHMDI9LAGPF=l@= JQF?= AK (
GF=GJ LOG HGHMDIYLAGF E=B3HEM@OA?@=J GJ DGO=J L@9F 9DD L@= J=KL

1@= EGKL ;GEEGF E=9KMJ=K G> <AKLJA:MLAGF OA<L@ 9J= L@= KL9F<9J< <=NA9LAGF 9F<
?@.:1.>1 12B6.@AK KAEHDQ L@= KIM9J= JGGL G> L@= N9JA9F;= KG A> QGM CFGO GF= 9F< (
L@IL <G=K KIM9J=K 9F< KIM9J= JGGLK QGM CEGXKLAF<GI<d=NAILAGF AK BMKL 9 KLJ9F?= E-
G>L@= E=9F <AKL9F;=:=LO==F L@= E=E:=JK G> 9 HGHMDI9LAGF 9F< L@= E=9F G> L@= HGHMD!
LG K== A> QGM KL9JL GML :Q DGGCAF? 9L L@=>GJEMD9 >GJ L@= N9JA9F;=

s 2 (x—p)?
-7 N

)GGC 9L L@= FME=19.GAF< L@= N9JA9F;= L@= >AJKL KL=H 9>L=J QGNAK 28 PO— 3@
E=E:=J G> L@= HGHMDYLAGF 9F< >AF<H@=l<®@>=F ALK N9DM= 9F< L@= E=9F QGM K@GMD<
<A>=J=F;=K 0IM9J==9;@ G> L@GK= 9F< 9<< LGANLGAF?@E); KME@)* FME:=J G> E=E:=JK

G> L@= HGHMDY9LAGF O0AF;= QGM >AF< L@= E=9F G> 9 ?2JGMH G> L@AF?K :Q 9<<AF? L@-=
<ANA<AF? :Q L@= FME:=J AF L@=BJBNI2 AKIKAEHDQ L@= E=9F G> L@= KIM9J=< <AKL9F;=K :=
E=E:=JK G> L@= HGHMD9LAGF 9F< L@= HGHMDY9LAGF E=9F

+GLA;=L@IL L@AK AK L@=>GJEMD9 >GJ 9 HGHMDI9LAGF ;@9J9; L02f A@QRGC Q=0 E@@ $J=
N9JAIF;= 9K GI?649. ?=A.2 :=;9MK= L@= KL9F<9J< <=NA9LAGF AK KAEHDQ L@= KIM9J= JGGL G>
ALK KQE:GD AK K#&EBD®O

F=G> L@= L@AF?K KLILAKLA;A9FK @9N= <AK;GN=J=< AKL@9L H=J;=FL G>L@=E=E:=JK G
OAL@AF LOG KL9F<9J< <=NA9LAGFK G> L@= E=9F G> L@= HGHMB2IEXGEBIZaAB22% CFGOF 9k
&> L@= E=9F G> 9 HGHMDI9LAGF G> K@G= KAR=K AK 9F< L@= KL9F<9J< <=NA9LAGF AK L
K@G= KAR=K 9J=:=LO==F LOG KL9F<9J< <=NA9LAGFK :=DGO L@ K=< QF<<=NAILAGFK
9:GN=L@=E=9F 1@AK K9E= L@=GJ=E ;9F := KL9L=< AF HJG:9:ADALQ L=JEK L@= HJG:9:ADAL
OAL@AF LOG KL9F<9J< <=NA9LAGFK G> L@= E=9F G> ALK HGHMD9LAGF AK

&L AK AEHGJL9FL LG :=;9J=>MD O@=F <=9DAF? OAL@ N9JA9F;=K 9F< KL9F<9J< <=NA9LAGFK ¢
9J=>GJEMDY9K MKAF? L@= N9JA9F;= 9F< >GJEMD9K MKAF? L@= KL9F<9J< <=NA9LAGF =KMJ-=
QGM 9J= KMHHGK=< LG := MKAF? %=J= 9?9AF KHJ=9<K@==L HJG?J9EK OADD >A?MJ= GML L
>GJ QGM &F "P;=D L@=J= AK 9 >MF;LAGF 01!"3-Z L@9L <G=K 9DD G> L@= 9JAL@E=LA; *G
OADD 9DKG ;GEHML= L@= KL9F<9J< <=NA9LAGF /=9< L@= DALLD= AFKLJM;LAGF :GGCD=L 9
QGMJ ;9D;MDIOLGJ <G L@= FME:=JK :=>GJ= QGM <G 9FQ @GE=0GJC GJ @9N=9 L=KL

1@= GL@=J E=9KMJ= G> K@9H= O= OADD <AK;MKK @=J= AK L@ZZE-2RMAK BAKIIBQF-KK
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E=9KMJ= G> O@=L@=J GJ FGL L@= <AKLJA:MLAGF AK KQEE=LJA; GJ A> AL @9K 9 DGF? L9AL
GL@4A@=J=9J=9 FME:=J G> O9QK LG E=9KMJ= KC=0OF=KK OAL@ E9FQ G> L@= E=9KMJ=K :9K:
EM;@ DAC=L@= N9JA9F;= 1@=>GJEMD9 DGGCK 9 DGL DAC=L@9L >GJ L@= N9JA9F;= =P;=H
L@= E=E:=JK 9F< L@= HGHMDIYLAGF E=9F 9J= ;M:=< JIL@=J L@9F KIM9J=< :=>GJ=L@=Q 9J= ¢

> (z—p)?
N

L >AJKL AL EA?@L FGL K==E L@9L ;M:AF? JOL@=J L@9F KIMOJAF? L@GK= <AKt:AFKEKOGMD< |
[=E=E:=] @GO=N+&@9L O@=F QGM KIM9J= =AL@=J 9 HGKALAN= GI)GMPANS AREALIAN=
FME:=J:ML O@=F QGM ;M:= 9 HGKALAN= QGM ?=L 9 HGKALAN= 9F< O@=F QGM ;M:= 9 F="?¢
F=?9LAN= DKG J=E=E:=J L@9L O@=F QGM KIM9A: PHMEBAIML L@9L O@=F QGM ;M:= 9
FME:=JAL ?=LK 9 O@GD=BLEL@EC 9:GML 9 <AKLJA:MLAGF OAL@ 9 DGF? L9AD GML LG L@=
9 >=0 E=E:=JK G> L@9L HGHMDI9LAGF EM;@ KE9DD=J L@9F L@= E=9R EMAKIESICEO@A;@
F=?9LAN= 4@=F L@=K=9J= ;M:=< QGM =F< MH OAL@ KGE= J=9DDQ :A? F=?9LAN= FME:=JK -
FGE=E:=JK OAL@ KM/® BEIKALAN=M L@=J= 9J=6E=-KHGF<AF? J=9DDQ :A? HGKALAN= FME:=,
9<< AF O@=F QGM KME MHF IMD9OF< L@= KME OADD := F=?9LAN=F=?9LAN= E=9KMJ= G> KC
E=9FK L@9L L@=J= AK 9 L9AD GML LG L@= D=>L 9 HGKALAN= E=9KMBCE-DEKRPMISABAG L@-
;GFNAF;= QGMJK=D> L@9L A> L@= <AKLJA:MLAGF AK KQEE=LJA; OAL@ =IM9D L9ADK GF L@=
G>KC=0 AK R=JG

sk =

1G :=J=9DDQ ;GEHD=L= L@=J= AK GF= EGJ= LQAB®;GaEx2KM12?? K QGM EA?@L =PH=;L
:Q FGOAL AK E=9KMJ=< :Q L9CAF? L@= <AKL9F;=K :=LO==F L@= E=E:=JK 9F< L@= E=9F 9F< JO
L@=>GMIL@ HGO=J :=>GJ= 9N=J9?AF? L@=E LG?=L@=J

*&796.2, 7&140* 7-&4*

*=9KMJAF? L@= DG;9LAGF G> 9 K9EHD= AK <GF= AF =P9;LDQ L@= 09Q L@9L L@= DG;9LAGF C
%GO=N=H=9KMJIAF? L@= K@9H= G> 9 K9EHD= AK <GB=F.DAUL@SKE=IKMIAF? L@= K@9H=
HGHMDI9LAGF 1@= J=9KGF :=@AFH K@= <=KAJ= LG @IN= L@= K9EHD= E=9KMJ=E=FL K
MF:A9K=< =KLAE9LGJ G> L@= HGHMD9LAGF E=9KMJ=E=FL &> O= LGGC 9DD G> L@= HGKKA
KAR8 >JGE 9 HGHMDILAGF 9F< >GMF< L@= N9JA9F;= G> =9;@ GF= 9F< L@=F >GMF< L@= E=¢
N9JA9F;=K L@9L E=9F OGMD< := 9 DALLD= KE9DD=J L@9F L@= N9JA9F;= G> L@= HGHMDI9LAG

6GM ;9F K== 0@Q L@AK AK KG A> QGM L@AFC AL L@JGM?@ &> QGM CF=0 L@= HGHMDO9I
Z (z —p) >GJ =9;@ K9EHD= 9F< @9N= 9F MF:A9K=< IKLABD=N=QEM <G FGL CFGO
n

L@= HGHMDOLAGF E=9F KG QGM OADD @9N= LG AF>=J AL 1@= :=KL 09Q LG AF>=J L@=
MK= L@= K9EHD=A28p= N9JA9F;= G> 9 K9EHD= OADD L@=F := >GMF< :Q 9N=J9?AF? LG?=L@
(z —2)°

2T

1@= E=9F G> 9 K9EHD= AK G:NAGMKDQ <=L=JEAF=<:Q O@=J= L@= E=E:=JK G> L@9L KOEHL
9 K9EHD= L@9L AK EGKLDQ >JGE L@= @A?@ GJ JA?@ LKkl &x MUIAGHMOBEAQRD= KO9EH
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=\2
E=9F OADD 9DEGKL >GJ KMJ= := ?J=9L=J L@9F L@= HGHMD9LAGF E=§Ii M@ 9 K9EHI
n
OGMD< MF<=J=KLAE%@= KO9E= AK LIM= >GJ KO9EHD=K L@9L 9J= EGKLDQ >JGE L@= DGO G
Y
L@= HGHMDI9LAGF &> QGM L@AFC 9:GML O@9L CAF<E E@.EH&KL@QIDA@QN=9L=J L@9F
n

L@= HGHMDILAZEFM OADD ;GE= LG L@= J=9DARILAGF L@9L AL AK GFDQ L@GK= K9EHD=K (
E=E:=JK 9F< 9 >=0 N=JQ DGO E=E:=JK \ 9F< L@=J= 9J= FGL N=JQ E9FQ K9EHD=K DAC= L@9L

Y
K@GMD< @9N= :GFNAF:=< QGEK&L@MOADD J=KMDL AF 9 :A9K=< =KLBAEM 95 K==
n

L@9L GF 9N=J9?= AL AK LGG KE9DD

=\2
%GO ;9F 9F MF:A9K=< =KLAE9L=G> L@= HGHMDQL#@BNHFJA%M AK GF 9N=J97=

n
LGG KE9DD O= F==< LG <G KGE=L@AF? LG E9C= AL-9@9HLL DG @@ﬂ#;d@ez — 56)2 ‘ML

A> O= <ANA<= AL :Q KGE=L@AF? 9 DA@I-:D=KEERDZADD := 9£JALPBDAKIFY,AIFK @9N= >GMF< G\
L@IL L@=>GDDGOAF? 09Q LG ;GEHML= L@= K9EHD= N9JA9F;= J=KMDLK AF 9F MF:A9K=< =KL
N9JAI9F;=

;2 (z—2)°

S =
n—1

&> 0= LGGC 9DD G> L@= HGKKA:D= K9EHB-KIGE RGESHWDBBL AGF 9F< >GMF< L@= K9EHD= N9
>GJ =9;@ G> L@GK= K9EHD=K MKAF? L@AK >GJEMDY9 L@= E=9F G> L@GK= K9EHD= N9JA
HGHMDI9LAGF N9JA9F;=

+GL= L@9L O=<MKEKL=9<IG9F<8 AFKL=9<#53=9DBQ FGI8 KAF;= L@AK AK >GJ 9 K9EHD= 9F< O
O9FL LG MK=L@=/GE9F D=LL=JK JOL@=J L@Q9F L@= $J==C D=LL=JK O@A;@ 9J= MK=<>GJ HG

1@=J= AK 9FGL@=J 09Q LG K== O@Q @GCM<ABDKE @9N= LG 9<<J=KK KGE=L@AR279DD=<
;3 3221;9 :=>GJ=LGG DGF? 9F< L@= <=?J==K G>@—=€50.@= GL@=J =PHD9F9LAGF K O=?2C
L@JGM?@ L@AK =PHD9FILAGF QGM K@GMD< :=9:D=LG K==L@9L L@= LOG =PHD9F9LAGFK

&E9?AF=L@9L QGM @9N=9 K9EHD=OAL& ESE<QGM O9FL LG MK= AL LG =KLAE9L=L@= N9
G>L@=HGHMDILAGF >JGE O@A;@ AMOBAMIOEF® G>L@= NIDM=K GF 9 K=H9J9L= K;J9H G:
&> QGM CFGO L@= HGHMD9LAGF E=9F QGM ;GMD< KL9JLAF,BEPMHGHP-BPD. @= MKM9D
9K= QGM <G FGL CF= QGM EMKL KL9JL :Q AAB&ER?@= NODM=K GF L@= K;J9HK LG MK= 9
=KLAEOL=7G3;= QGM @9N=>GMBEM ;GMD< DGK= 9FQ GF= G> L@= _K;J9HK 9F< KLADD := 9:C
L@=N9DM= L@9L O9K GF L@= DGKL K;J9H >JGE L@= GL@=J K;J9HKALLQGM GIEMBARAL |
KOEHD= N9JA9F;= GFD® G3L@K 9J=>J==LG L9C= GF 9FQ N9DM= =BM&= G@BQIF

N9JQ >J=-0GM K@GMD< MN@<= z)* :Q8 L@=FME:=] 8K L@IL 9J=J=9DDQ >J== ,F;= QGM
MKAAF L@= >GJEMD9 >GJ K9EHD= N9JA9F;= QGM MK= MH GF= <=?J== G8 >J$=RGBIBONAF?
O@=F=N=J QGM MK= KGE=L@AF? QGM @9N= HIJ=NAGMKDQ ;GEHML=< >JGE 9 K9EHD= OALC
MH 9 <=2J== G> >J==<GE
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DALLD= L@GM?@L OADD DAFC L@= LOG =PHD9FILAGFK 1@= >AJKL =PHD9RIAL@GF AK :9I
=KLAEILGUM®BYOIA=K OAL@ L@= KOEHD= &ANSIAAMMBAL@ L@= K9EHD=L@9L 9 <=?J== G> >J=:
MK=< MH AF L@= K=;GF< =PHD9F9LAGF

1@= K9EHD= KL9F<9J< <=NA9LAGF AK >GMF< KAEHDQ :Q L9CAF? L@= KIM9J= JGGL G> L@= K¢

> (z — 2)?

s=V[=—"]

4@AD= L@= K9EHD= N9JA9F;= AK 9F MF:A9K=< =KLAE9ILGJ G> HGHMDOLAGF N9JA9F;= L
<=NA9LAGF AK FGL 9F MF:A9K=< =KLAE9LGJ G> L@= HGHMD9LAGF KL9F<9J< <=NA9LAGF \ L
9N=J9?= AK FGL L@= K9E= 9K L@= 9N=J9?= G> L@= KIM9J= JGGLK 1@AK ;9MK=K KLILAKL,
0@=J= AL K==EK 9K L@GM?@ L@=Q 9J= LIQAF? LG ?=L 9L KLIF<9J< <=NAILAGF &F ?=F=
LG MK= N9JA9F;= EGJ= L@9IF KLIF<9J< <=NAILAGF = ;9J=>MD OAL@ >GJEMD9K MKAF? K
KLOF<9J< <=NAILAGF AF L@= >GDDGOAF? ;@9HL=JK *9C=KMJ= QGM 9J= MKAF? L@= JA?@L C
;9D;MD9LGJIK OADD >AF< KL9F<9J< <=NAILAGF MKAF? :GL@ L@= HGHMDILAGF ®BRK9EHD= >
<LG K@GO L@=Jks= :=LO==F HGHMD9LAGF 9F< K9EHD= >GJEMDIR<%GESMIEZGO L@=
<A>=J=F;=

&> FF O9FL=< LG AF>=J O@9L L@= HGHMD9LAGF <AKLJA:MLAGF G> NGDD=Q:9DD HD9Q=JK _
;GMD< <G KG >JGE @=J K9EHD= &> K@= AK ?GAF? LG K=F< NGDD=Q:9DD ;G9;@=K H9;C9?=K G
LG LIR@= OADD O9FL LG @9N= L@= H9;C9?=K ;GFL9AF 9F 9KKGJLE=FL G> KAR=K L@9L OAD!
@9N=9 H9AJ L@9L >ALK FF O9FLK LG AF>=J O@9L L@= <AKLJA:MLAGF G> NGDD=Q:9DD HD9(
0@= O9FLK LG CFGO L@= E=9F 9F< N9JA9F;= G> L@9L <AKLJA:MLAGF %=J <91 9?79AF 9J= KC(

(/82 I ?
.@.

'6F2| >2=A2:0E

1@= E=9F KG;C KAR=;9F := >GMF<
 3x6+24x7+33x8+20%9417%10

97
1G >AF< L@= K9EHD= KLOF<9J< <=NAJLAGF FF <=;A<=K LG MK="P;=D 0@= DAKLK L@= KG;C k
K9EHD= AF ;GDMEF K:B=1  9F<L@= >J=IM=F;Q G>=9;@ G> L@GK= KAR=K AF ;GDMEF #G
K@= @K L@= ;GEHML=) >AF< >3J £9:@ B L@= KG;C KAR=K MKAF? L@= >GJEMD9

AF L@= >AJKI9B&Q@=F ;GHQAF? AL <GOF LG L@= GL@=J >GMJ JGOK &F ! K@= EMDLAHI
>J=IM=F;Q MKAF? L@= >GJEMD9 9F< ;GHQAF? AL <GOF AFLG L@= GK@=J>3REK BHAEIDLC

= 8.25
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K9EHD= KL9F<9J< <=NA9LAGF :Q 9<<AF? MH L@= >AN= FME:=JK AF ;GDMEF ! 9FMKARA<AF? :(
L@="P;=D >GJEMD9 KME! ! 1@= KHJ=9<K@==L 9HH=9JK DAC= L@AK O@=F K@= AK <GF=

(.82 07 '6F2?

8 39

OL< <=N

FF FGO @9K 9F =KLAE9L= G> L@= N9JAI9F;= G> L@= KAR=K G> KG;CK RGDB=Q:9RO-HIHI>-IK<
0@= @9K AF>=JJ=< L@I9L L@= HGHMDHIKEPIQ=IKQHKG;C KAR=K @9K 9 E=9F G> 9F<
N9JA9F;= G>

FF_K ;GDD=;L=< <9L9 ;9F KAEHDQ := 9<<=< LG L@= >GDDGOAF? "P;=D L=EHD9L= 1@= ;9D;N\
N9JAIF;= 9F< KL9F<9J< <=NA9LAGF @9N= :==F B@NEOF ;&8FO= @=J FME:=JK LG K== @GO L@-
LOG E=9KMJ=K ;@9F?=

21 2==:< 9:/8=/A=,- -+ 3&=>-=9;B,><38/<<<=+=3<=3-< :

@ 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="REBDOL= LG 9D;MBIASK = 9F< OL9F<9J< |=NAILAGF [ K== HH=F<AP

Summary

1G <=K;JA:= 9 HGHMDY9LAGF QGM F==< LG <=K;JA:= L@= HA;LMJ= GJ ?J9H@ G> ALK <AKLJA!:I
L@IL F==< LG := <=K;JA:=< 9:GML L@= <AKLJA:MLAGF 9J= ALK DG;9LAGF 9F< ALK K@9H= )
:Q 9F 9N=J9?= EGKL G>L=F L@= 9JAL@E=LA; E=9F 1@= EGKL AEHGJL9FL E=9KMJ= G> K@9F
<AKH=JKAGF JGM?@DQ OA<L@ EGKL G>L=F L@= N9JA9F;= GJ ALK KIM9J= JGGL L@= KL9F<9.

09EHD=K F==< LG = <=K;JA:=< LGG &> 9DD O= O9FL=< LG <G OAL@ K9EHD= <=K;JAHLAGFK
KO9EHD= O= ;GMD< MK= =P9;LDQ L@= K9E= E=9KMJ=K >GJ K9EHD= DG;9LAGF 9F< <AKH=JI
>GJ HGHMDIOLAGFK AGOENEL LG MK= L@= K9EHD= <=K;JA:=JK >GJ <M9D HMJHGK=K 9 L
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L@= K9EHD= 9F< : LG E9C= AF>=J=F;=K 9:GML L@= <=K;JAHLAGF G> L@= HGHMD9LAGF
>JGE =;9MK= O= O9FL LG MK= L@=E LG E9C= AF>=J=F;=K O= O9FL GMJ K9EHD= <=K;JA
A:/6.721 2?7@69.@;3WJ <=KAJ= LG E=9KMJ= K9EHD= <AKH=JKAGF OAL@ 9F MF:A9K=< =KLAEILG
<AKH=JKAGF E=9FK L@9L L@= >GJEMD9 O= MK= >GJ ;GEHMLAF? KOERBINILIAIGE AES DAL
GFMK=<>GJ ;GEHMLAF? HGHMDI9LAGF N9JA9F;=



Chapter 2. The Normal and t-Distributions

1@= FGJEI9D <AKLJA:MLAGF AK KAEHDQ 9 <AKLJA:MLAGF OAL@® ;=IRSAEKEPE+ @ARK
@9N= L@AK K9E= K@9H= 1@= FGJEID <AK/L2BS VB AGEF LR @EA@@9L <=K;JA:=K @GO KG
E9FQ FOLMJOD E9;@AF=E9<= GJ @ME9F H=J>GJE9F;= GML;GE=K 9J= <AKLJA:ML=< &> QGM -
O@=F QGM 0O=J= ]?J9<=< GF 9 :=DD ;MIN=" L@= AFKLJIM;LGJ O8K?39t+tKRFAFL@9 BOBKKID
<AKLJA:MLAGF\FGL 9 :9< HJ9;LA;= A> L@= 2RKK@KIDKLK 9J= G:B=;LAN= KAF;= @ME9F H=J>G.
AF KM;@ KALMOLAGFK AK FGJE9DDQ <AKLJA:ML=< 1@AK ;@9HL=J OADD <AK;MKK L@= FG.
EGN= GF LG 9 ;GEEGF K9EHDAF? <AKLJA:MLAGF L@= L @\K8IQMIA@B; :@EIE=< :Q
L9CAF? E9FQ KO9EHD=K KDB;HO®KA:D= KOEHD=K G> L@= K9E= KAR=>JGE 9 FGJE9D HGHMD¢
KO9EHD= L@= K9E= KLILAKLA; @@= 83=A0@ O= OADD D=9JF EGJ= SABNRNIDA =< 1@=
J=DILAN= >J=IM=F;Q <AKLJA:MLAGF G> L@=K= L KL9LAKLA;K AK L@= L <AKLJA:MLAGF &L LMJ
;GEHML=< 9 FME:=J G>=JAPL O9QK GF K9EHD=K <J9OF AF 9 FMEI=FIGKAIAMILAGFK 9F< KLADD
L@= K9E= J=DI9LAN= >J=IM=F;Q <AKLJA:MLAGF 1@AK E9C=K L@= L <AKLJA:MLASHEMH=>MD >(
AF>=J=F;=K KG AL AK GF=G> L@= EGKL AEHGJL9FL DAFCK :=LO==F K9QEHD=K 9F< HGHMD9LAC
&F :=LO==F <AK;MKKAF? L@= FGJE9D 9F< L <AKLJA:MLAGFK O= OADD <AK;MKK L@= ;=FLJS
L <AKLJA:MLAGF 9F< L@= ;=FLJ9D DAEAL L@=GJ=E ?AN= MK CFGOD=<?= 9:GML L@= J=D9LA
E=9FK 9F< HGHMDIOLAGF E=9FK L@9L 9DDGOK MK LG E9C= AF>=J=F;=K 9:GML L@= HGHMD9L/

1@= 09Q L@= L <AKLJA:MLAGF AK MK=< LG E9C= AF>=J=F;=K 9:GML HGHMD9LAGFK >JGE |
>GJ E9FQ G> L@= AF>=J=F;=K L@9L KLI9LAKLA;A9FK E9C= O0AF;= QGM OADD := D=9JFAF?
DAC= 9 KLOLAKLA;A9F LJQ LG MF<=JKL9F< L@= ?=F=J9D EG<=D G> AF>=J=F;= E9CAF? 9K
;9K=K HJ=K=FL=< JA®BQ=F=J9D EG<=D G> AF>=J=F;= E9CAF? AK LG MK= KLILAKLA;A9FK_ (
KO9EHDAF? <AKLJA:MLAGF DAC= L@= L <AKLJA:MLAGF 9K 9 ?MA<= LG L@= HJG:9:D= DAEALK
J=DILAN= LG L@= HGHMDYOLAGF /=E=E:=J L@9L L@= K9EHD= QGM 9J= MKAF? LG E9C= 9F
HGHMDIOLAGF AK GFDQ GF= G> E9FQ HGKKA:D= K9EHD=K >JGE L@= HGHMDX@EF 1@= K
=AF? @A?@DQ J=HJ=K=FL9LAN= G> L@= HGHMD9LAGF EGKL :=AF? >9AJDQ J=HJ=K=FL9LAN-=
J=HJ=K=FL9LAN= 9L 9DD Q 9KKMEAF? L@9L L@= K9EHD= AK 9L D=9KL >9AJDQ J=HJ=K=FL9L,
KOEHDAF? <AKLJA:MLAGF ;9F := MK=< 9K 9 DAFC :=LO==F L@= K9EHD= 9F< L@= HGHMD9LAGF
AF>=J=F;= 9:GML KGE= ;@9J9;L=JAKLA; G> L@= HGHMD9LAGF

1@=K= A<=9K OADD := <=N=DGH=< EGJ= D9L=J GF 1@= AEE=<A9L= ?G9D G> L@AK ;@9HL=J /
L@= FGJE9D <AKLJA:MLAGF L@=;=FLJ9D DAEAL L@=GJ=E 9F< L@= L <AKLJA:MLAGF

Normal Distributions

+GJE9D <AKLJA:MLAGFK 9J= :=DD K@9H=< 9F< KQEE=LJA; 1@= E=9F E=<A9F 9F< EG<= 9J="*:
L@=E=E:=JK G>9 FGJEIDDQ <AKLJA:ML=< HGHMD9LAGF @9N=N9DM=K ;DGK= LG L@= E=9F\A
H=J ;=FL G> L@= E=E:=JK EM;@ :=LL=J L@9F R=1QKGEGFL 9J= OALA@AF> L@= E=9F

OL9LAKLA;A9FK @9N= >GMF< L@9L E9FQ L@AF?K 9J= FGJE9DDQ <AKLJA:ML=< &F FILMJ=
9F< L@A;CF=KK=K G> 9DD KGJLK G> HD9FLK 9F< 9FAE9DK 9J= FGJEO9DDQ <AKLJA:ML=< ¢
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<A9E=L=0=A?@L KLI=F?L@ 9F< E9FQ GL@=J ;@9J9;L=JAKLA;K G> @ME9F GJ E9;@AF=E
FGJE9DDQ <AKLJA:ML=< &F @MES9F H=J>GJE9F;= K;GJ=K GF G:B=;LAN= L=KLK L@= GML;GE
=P=J;AK=K 9F< ;GDD=?= KLM<=FL ?J9<= HGAFL 9N=J9?=K 9J= FGJE9DDQ <AKLJA:ML=< 1@=
J=9DDQ AK 9 FGJESD G;;MJJ=F;=

&> QGM 9J= 9 KC=HLA; QGM 9J= OGF<=JAFRR @&Q@F $P9;L <A9E=L=J G> @GD=K <JADD=< :Q
E9:@AF= @IN= L@= K9E= <AKLJA:MLAGF\L@=Q 9J= FGL =N=F E=9KMJ=< OAL@ L@= K9E= MF
L@9L KG E9FQ L@AF?K @9IN= L@= K9E= FGJEOD K@9H= 9DD EMKL := E=9KMJ=< AF L@= K9E
MFALK =DAEAFIL=<\L@=Q EMX®.9IDE16E210LILAKLA:AIFK KLIF<9J<AR= E9FQ E=9KMJI=K :Q |
L@2@.:1.>1 12B6.@6;DD FGJEID <AKLJA:MLAGFK @9N= L@= K9E= K@9H= :=;9MK= L@=Q 9DD
J=DILAN= >J=IM=F;Q <AKI@RBKAGH6>/< 09; =2/3; 7/7,/;< k7I+<>; . 38 <=+8.+; ./23+=398<

+,92/9; /69@ =2/ 7/+8

2KAF? L@=;MKLGE9JQ 9F9<A9F KQKL=E G> E=9KMJ=E=FL A>L@= O=A?@L G> H=L <G?K AKF
OAL@ 9 E=9F G> CADG?J9EK 9F< 9 KL9F<9J< <=NA9LAGF G> CADG?J9EK 9F< L@=<9ADQ |

J=0 "PHJ=KKG 9>=9J= FGJE9DDQ <AKLIJMML=<0BAL@J L@=F L@= K9E= HIGHGJLAGF
G> H=L <G?K O=A?@ :=LO==F CADNGRJI9EK¥< CADG?J9EN 9K L@= HIGHGJLAGF G> <9AD
#AJKL J=0 KID=KDIA@ L O J 9F< M FQ FGJE9DDQ <AKLJA:ML=< HGHMD9LAGF

OADD @9N= L@= K9E= HIGHGJLAGF G> ALK E=E:=JK :=LO==F L@= E=9F 9F< GF= KL9F<9J< <=
E=9F GFN=JLAF? L@= N9DM=K G> L@= E=E:=JK G> 9 FGJE9OD HGHMDILAGF KG L@9L =9;@ /
L=JEK G> KL9F<9J< <=NA9LAGFK >JGE L@= E=9F E9C=K L@= HGHMD9LAGFK 9DD L@= K9E=
9K?@.:1.>16F.@69F< AL E9C=K 9DD FGJE9D HGHMDIOLAGFK @9N= L@= K9E= DG;9LAGF 9F< K@

1@AK KLIF<9J<ARILAGF HJG;=KK AK 9;;GEHDAK@ELMR2ZGEHMNABQ €=E:=J G> L@= FGJESD
HGHMDILAGF 1@= R K;GJ= AK >GMF< :Q

z=(z—p)/o

1@AK ;GFN=JLK L@= GJA?AFID N9DM= AF ALK GJA?AF9D MFALK AFLG 9 RI®FEKS$I<AR=< NC
12B6.@6;:?;3>@52 92.: )GGC 9L L@=>GJEMDY9 1@= FME=J9LGJ AKX¥AERBPQ-L@—FAXD=
N9DM= G> L@AK E=E:=J G> L@= AGRND@AGESF G> L@= HGIMMRIOLHGE E=9KMJI=< AF
;=FLAE=L=JK GJ HGAFLK GJ O@9k=RGEAFILGJ AK L@= KL9F<9J< <=NAI9LAGF G9E@= HGHMI
AL AK 9DKG E=9KMJ=< AF ;=FLAE=LJ=K GJ HGAEBKL @3 BMBRELINGI AK ;E 9F< L@= KL9F<9J
<=NA9LAGF AK ;E L@=FL@=ROADD := 1@AKH9JLA;MD9J E=E:=J G>L@=HGHMDILAGF (

E ?2J=9L=J L@9F L@= E=9F <A9E=L=J G> L@= HGHMDI9LAGF @9K 9 R N9DM= G> :=;9MK=
KL9F<9J< <=NA9LAGFK ?J=9L=J L@9F L@= E=9F =;9MKAK@¥IEDE BE=9EB> L@= R K;GJ=K AK
R=JG

4 = ;GMD< ;GFN=JL L@= N9DM= G> =N=JQ E=E:=J G> 9FQ FGJE9D HGHMDI9LAGF AFLG 9 R K;GJ
9FQ FGJE9D HGHMDIOLAGF 9F< 9JJ9F?=< L@GK= R K;GJ=K AFLG 9 J=DI9LAN= >J=IM=F;Q <AKLJ/
= L@= K9E= "9;@ 9F< =N=JQ GF= G> L@GK= KL9F<9J<AR=< FGJEID <AKLJA:MLAGFK OGMD< |
9F< L@= K9E= K@9H= 1@=J= 9J= E9FQ K@DBEXQ@9L HIGHGILAGF G> 9FQ FGJE9D HGHMD9
@9N= 9 R K;GJ= D=KK L@9F 9 ;=JL9AF N9DM= =;9MK= L@= KL9F<9J< FGJE9D <AKLJA:MLAGF
E=9F G> R=JG L@= K9E= HIGHGJLAGF G> L@= HGHMDIOLAGF L@9L AK D=KK L@9F KGE= HGK
L@= K9E= F=?9LAN=R OGE= N9DM&K 2JE;$9.8 L9:D=9HH=9J%b3
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%3<;>@6;: /28;C

F ?20;2

6GM ;9F 9DKG MK= L@= ARRAIBRAEB2 ?7@.:1.>1 :;>9.8 167@>6/AGIDMKLIIL=< AF L@= "P;=D
L=EHDOL= AF #A?MJ= 1@= ?J9H@ GF L@= LGH ;9D;MD9L=K L@= R N9DM= A> 9FQ HJG:9:AL
AF L@= Q=DDGO ;=DD 1@= ?J9H@ GF L@= :GLLGE ;GEHML=K L@= HJG:9:ADALQ G> R >GJ 9F
Q=DDGO ;=DD &F =AL@=J ;9K= L@= HDGL G> L@= 9HHIGHJAI9L= KL9F<9J< FGJE9D <AKLJA:N
L@=;MEMDY9LAN= HJG:9:ADALA=K AF Q=DDGO GJ HMJHD=

2/;] 2==:< 9:/8=/A=,- -+ 38L>-=9;B,><38/<<<=+=3<=3-< :

@ 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="BEBDOL= >GJ MEMD9LAN= OL9F<9J< +GJE9D !AKLJA:MLAGFK [ K== HF

1@= HIG<M;LAGF E9F9?=J G> 9 :==J ;GEH9FQ DG;9L=< AF !=DL9 @9K 9KC=< GF= G> @Ak
(=NAF ]%GO EM;@ <G=K 9 H9;C G> :==J :GLLD=K MKM9DDQ O=A?@ ™ (=NAF 9KCK L@= H=C
;GFLIGD O@9L L@=Q CFGO 9:GML L@= O=A?@L G> L@=K= H9;CK 9F< AK LGD< L@9L L@=
CADG?J9EK OAL@ 9 KL9F<9J< <=NA9LAGF G> CADG?J9EK (=NAF <=;A<=K L@9L L@= HJ
HJG:9:DQ O9FLK EGJ= L@9F L@= E=9F O=A?@L 9F< <=;A<=K LG ?AN= @AK :GKK L@= J9F?=
O@A;@ G>H9,CKG> :==J:GLLD=K >9DDK (=NAF K==K L@9L D=9NAF? AF L@= D=

AF L@= JA?@L L9AD OADD D=9N= AF L@= EA<<D= %= 9KKME=K L@9L L@= H9;C
FGJE9DDQ <AKLJA:ML=< 9 J=9KGF9:D= 9KKMEHLAGF >GJ 9 E9;@AF= E9<= HIG<M;L 9F< ;GFK
FGJEOD L9:D= @=K==KL@9L G>L@= E=E:=IJK G> 9FQ FGJE9D HGHMDILAGF @9N= 9 R K;(
OF<L@IL @9N=9 R K;GJ=?J=9L=J L@9F KG @9N=9RK;GJ=:=LO==F X

+GO L@IL @=CFGOK L@9L G>L@= H9;CK G>:==J:GLLD=K OADD @9N=9 O=A?@L OAL@
X (=NAF ;9F LI9FKDI9L= LAGR=KEGDNAF? L@= =IMOLAGF >GJ .GL@ O9F< @= OADD >AF
:GMF<9JA=K G> L@= AFL=JN9D OAL@AF O@A;@ G>L@=0=A?@LK G>L@=H9;CK >9DD
1.96 = (z — 16.32)/.87

OGDNAF? AGINAF >AF<K L@9L L@= MHH=JONEBRIREK %= L@=F KGDN=K >GJR

~1.96 = (z — 16.32)/.87

%=>AF<K L@9L L@= DGO=J DAEAL AK CADG?J9EK %= ;9F FGO ?G LG @AK E9F9?=J 9F< L=
L@=H9;CKG> :==J:GLLD=K O=A?@ :=LO==F 9F< CADG?J9EK"
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The central limit theorem

&> L@AK O9K 9 KLILAKLA;K ;GMIK=>GJ E9L@ E9BGIK QGM OGMD< HJG:9:DQ @9N= LG HIGN
L@AK L=PL AK <=KA?F=<>GJ :MKAF=KK 9F< GL@=J FGF E9L@ KLM<=FLK QGM OADD GFDQ @
O@IL L@=L@=GJI=E KO9QK 9F< O@Q ALGKREHIBLIFHLOI@9L AL K9QK AL @=DHK LG MF<=JKL!
OGJICK %=J= AK 9F =PHD9F9LAGF G> O@Q AL OGJCK

1@= L@=GJ=E AK 9:GML K9EHDAF? <AKLJA:MLAGFK 9F< L@= J=DI9LAGFK@AH :=LO==F L@-=
9 HGHMDYOLAGF 9F< L@= DG;9LAGF 9F< K@9H= G> 9 K9EHDAF? <AKLJA:MLAGF ?=F=J9L=<

OH=;A>A;9@¥ ;=FLJ9D DAEAL L@=GJ=E =PHDY9AFK L@= J=DILAGFK@AH :=LO==F 9 HGHMD9L/
G> KO9EHD= E=9FK >GMF< :Q L9CAF? 9DD G> L@= HGKKA:D= K9EHD=K G> 9 ;=JL9AF KAR:
HGHMDIOLAGF >AF<AF? L@= E=9F G> =9;@ K9EHD= 9F< 9JJ9F?AF? L@=E AFLG 9 <AKLJA:MLAC

1@= K9EHDAF? <AKLJA:MLAGF G> E=9FK AK 9F =9KQ ;GF;=HL KKME= L@9L Q@M @9N= 9
6GM LIC= 9 KOEHB=G5>L@QUE IF< >AF< L@= E=9F G> L@9L KOEHD= ?ANAR®-BANMCSF=
9FGL@=J K9EHD= G> L@= KOBFKARE< ALIG L@AK GN=J 9F< GN=J MFLAD QGM @9N= @Gl
HGKKA:D= K9EHD=K &6&BNREOADD @IN= ?=F=J9L=< 9 F=O HGHMDILAGFAK HEIMBOLAGF G:
L@AK HGHMDOLAGF AFLG 9 <AKLJA:MLAGF 9F< QGM @9N= L@= K9EHBMFEGMEKLIARMLABE G:
K9OEHDAF? <AKLJA:MLAGF G> E=<A9FK GJ N9JA9F;=K GJ KGE= GL@=J K9EHD= KLILAKLA; :C
HGKKA:D= K9EHD=K G> KGEARARE? L@= E=<A9F NI9JAYF;= GJ GL@=J KLOLAKLA; 9:GML =9;@
9JJ9F?AF? L@=E AFLG 9 <AKLJA:MLAGF

1@= ;=FLJ9D DAEAL L@=GJ=E AK 9:GML L@= K9EHDAF? <AKLJA:MLAGF G> E=9FK &L DAFCK L
GAK OAL@ L@= GJA?AFID <AKAKASMILAGBIGKK L@9L

1@=E=9F G>L@= K9EHD= E=9FK =IM9DK L@= E=9F G> L@= GIAMFIDAKAKDWAGEIC=K
A9F MF:A9K=< =KLAE9MGJ G>

1@= <AKLJA:MLAGK GADD := :=DD K@9H=< FG E9LL=J) O@9L L@= K@9H= G> L@= GJA?AF9
AK

1@AK E9C=K K=FK= O@=F QGM KLGH 9F< L@AFC 9:GML AL &L E=9FK L@9L GFDQ 9 KE9DD
@9N=E=9FK L@9L 9J=>9J >JGE L@= HGHMDI9LAGF E=9F #GJ 9 K9EHD= LG @RNSDERE L@9L !
9DD G> ALK E=E:=JK @9N= LG :=>JGE L@= JA?@L L9AD &k |E9BEKKIAADDAGBNE>LG = >JGE L
D=>L L9AD 1@=J= 9J= E9FQ EGJ= K9EHD=K OAL@ EGKL G> L@=AJ E=E:=JK >JGE L@= EA<<D-
GJ OAL@ KGE= E=E:=JK >JGE L@= JA?@L L9AD 9F< KGE= >JGE L@= D=>L L9AD 9F< 9DD G> L(
9FA;DGK= M>

9 1@=D93J L@= K9EHD=K L@=;DGK=J L@= KOEHDAF? <AKLJA:MLAGF OADD := LG FGJE9D ¢
: A> L@= <AKLJA:MLIAAGRIGBGIEOD KG AK L@= <AK_A;K°\:MLAGF G>
1@=K= ;GE= >JGE L@= K9E= :9KA; J=9KGFAF? 9K ‘ML OGMD< J=IMAJ= 9 >G9BOD HIGG>
167@>6/A@¥:9 ESL@=E9LA;9D ;GF;=HL &L AK FGL LGG @933 KGHEAKaRADMDP=F=J9L= 9 |EGJI=
:=DD K@9H=<" <AKLJA:MLAGF G> K9EHD= E=9FK L@9F KE9DD=J K9EHD=K 9F< L@9L AK O@9L

1@= N9JAIF;= G>AK@AK =IMID LG L@= N9JAIAK GNAR=< :Q L@= KIEHD= KAR= GJ
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o2 =c%/n

L@=J=>GJ= L@= KLI9F<9J< <=NA9LAGF G> L@= K9EHDAF? <AKLJA:MLAGF AK

or =0/\/n

4@AD= AL ARBMDL LG K== 0@Q L@AK =P9;L >GJEMD9 @GD<K OAL@GML ?GAF? L@JGM?@ 9
A<=9 L@9R-DKIOEHD=K QA=D< K9EHDAF? <AKLJA:MLAGFK OAL@ KE9DD=J KL9F<9J< <=NA9LAC
AFLMALAN=DQ— 05/\/5 L@=6z < 04 #MIL@=JEGJ= O@=F L@= K9BHRK=KAR=LK
KE9DD2®AK AK :=;9MK= AL :=;GE=K EGJ= MFMKM9D LG ’?=L_9_°K@SB-I.D¢IO;‘Q.@‘IM?=LK
D9J1@= KL9F<9J< <=NA9LAGF G> L@= K9EHDAF? <AKLJAMIMGE AFNMN <ML I=E=E:=]
L@OL L@=J= 9J= FGAKEREDL 9J= 9K >9MAKD=]=ABA @9L 9J= >9IMIBE 9K F 2JGOK L@=J=
9J= >=0=J 9F< >=0=J KOEHD=KAAJ@ X 1@AK E=9FK L@9L L@=J= 9J= REIVE®QL 9J=

9K D23 9K IMAL= 9 >ACG M9J= Q L@= LAE= QGM KIM9J= =N=JQL@AF? L@= 9N=J9?= AK ?GAF?
KE9DD=J L@9L L@= AN=D2KGz AK ?GAF? LG := KE9DD3 &@I9B= E=9F NGDME= G> KG>L <JAF
AF 9 HGHMDOLAGF G> E);9FKAK E) OAL@ 9 N9JA9F;=G> 9F<9 KLI9F<9J< =®MAFLAGF G>
L@= K9EHDAF? <AKLJA:MLAGF G> E=9FK G> ;RBEHDNMIOGR$FS E=9F G> E) 9F< 9 N9JA9F;=
G> 9F< 9 KL9F<9J< <=NA9LAGF G>

6GM ;9F 9DKG MK= L@= AFL=J9;LAN="P;=D L=EHD9L= AF #A?MJ= 02L@98 8BIBGEX 2L L@=
OAEHDQ <GM:D= ;DA;C GF L@= Q=DDGO ;=DD AF LigF K&-AE |99D=DDGO ;=DD G> L@= K@
;9DD=< } F 9F< L@=F ;DA;C =FI&IEGILLIQ LG ;@9F?= L@= >GJEMD9 AF L@=K= Q=DDGO ;=
OADD 9MLGESLA;9DDQ L9C= 9 K9EHD= >JGE L@= HGHMD9LAGF <AKLJA:MLAGF 9F< J=;J=9L=
<AKLJA:MLAGBGM ;9F J=H=9L L@AK HJG;=KK :Q <GM:D= ;DA;CAF? GF L@= Q=DDGO ;=DD LG K:
G> L@= HGHMDIOLAGF <AKLJA:MLAGF L@= K9EHDAK?: <BKBIANEBEIEIB>®V OADD 9DKG
J=9DAR=L@9L L@= E=9F G> L@= HGHMDIYLAGF 9F< L@= KSEHPARPIAKL@NKIKSF G>

8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/
2/, 2==:< 9:/8=/A=,- -+ 38>-=9;B,><38/<<<=+=3<=3-< :

#A?MJ= &FL=J9;LAN="REBDIOL= >GJ &DDMKLJOLAF? L@= =FLJ9D )AEAL 1@=GJ=E [ K== HH=}

#GDDGOAF? L@AK K9E= DAF= G> J=9KGFAF? QGM ;9F K== AF L@= #A?MJ= L=EHD9L= L@
J=K9EHDAF? HJG;=KK=K OAL@ F 9F< L@=F F L@= K9EHDAF? =JJGJ GG BHK KKIDD=J
G:K=JN= O@=F QGM ;@9F?= L@= K9EHD= KAR=>JGE LG EGNAF? >0GE)K@#F=L )

L@IL 9K L@= K9EHD= KARS @K BAJAF;= 9F< KL9F<9J< <=NAI9LAGF G> L@= K9EHDAF? <AKlL
KE9DDMKL J=E=E:=J L@9L 9K K9EHD= KAR= ?JGOK K9&H®SK AAL@BBEIE]IIJ=] 9F< J9J=]

KG L@I9L L@= 9NXBI?=?=LK KEODD@J IN=J9AF M AK L@= N9JA9F;=

9;,C LG L@= KG>L <JAFC =PO9EREFKQEHD3IK G> KG>L <JAFC :GLLD=K 9J=L9C=F K9Q KO9EHD=K
>=0=J G> L@= K9EHD=K OADD @9N= E=9FK L@9L 9J= N=JQ >9J >JGE L@= E=9F G> E) 1@-=
KO9EHDAF? <AKLJA:MLAGF O@=F F OADD L@=J=3GJ=<AEKESID@IL QGM @9N= BMKL D=9JF
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L@= N9JA9F;= OADD := GFDQ 9F< L@= KL9F<9J< <=NA9LAGF OADD := 1@= >GJ
E9L;@=K O@9L DG?A;9DDQ AK @9HH=FAF? 9K L@=IK®EHDEK?ADAATPEP> ?=LLAF? 9 KO9EHD= O/
E=9F L@9L AK >9J 909Q >JGE L@= HGHMDIOLAGF BE<SE @+ KMHEIDAEI <AKLIJA:MLAGF G> E=9Fk
F9JJGO=J 9F< L@= N9JA9F;= 9F< KL9F<9J< <=NAILAGH @+ KEHENDBI QGM <ANA<=L@=HGHM
N9JA9F;= :Q L@= KO9EHD= KAR= LG ?=L L@= K9EHDAF? <AKLJA:MLAGF N9JA9F;= OAF;= :A?"
<ANA<AF? :Q 9 :A??=J FMEZ=IN9JA9F;= >9DDK 9K K9EHD= KAR= JAK=K &> QGM 9J= MKAF? L(
LG AF>=J L@= HGHMDI9LAGF E=9F MKAF? 9 :A??=J K9EHD= OADD AF;J=9K= L@= HJG:9:ADALC(
N=JQ ;DGK= LG ;GJJ=;L :=;9MK= EGJ= G> L@= K9EHD= E=9FK 9J= N=JQ ;DGK= LG L@= HGHMDS9
G:NAGMKDQ 9 LI¥I&=G> 1@= J=9KGF QGM O9FL=< LG MK= KLI9LAKLA;K AF L@= >AJKL HD9;= O!
LG ?G LG L@=:GL@=J 9F< =PH=FK= G> ;GDD=;LAF? DGLK G> <9L9 :ML A> QGM ;GDD=;L EGJ= <!
HJG:9:DQ := EGJ= 9;;MJ9L=

The t-distribution

1@= ;=FLJ9D DAEAL L@=GJ=E L=DDK MK 9:GML L@= J=DILAGFK@AH :=LO==F L@= K9EHDAI
9F< L@= GJA?AF9D HGHMDIOLAGF +GLA;= L@9L A> O= O9FL LG CFGO L@= N9JA9F;= G> L@-
O= F==< LG CFGO L@= N9JA9F;= G> L@= GIJA?AFSDI HGHMEDOEAGF LG CFGO L@= N9JAIF;= (
L@= KOEHDAF? <AKLJA:MLAGF LG E9C= 9 HGAFL =KLAE9L= GEGB®—B83FJoMt SKIMNEBLAGF
L=;@FAIM=K J=IMAJ= L@9L QGM =AL@=J CFGO GJ =KLAE9L= L@= N9JA9F;= G> L@= HGHMD9
EGE=FL QGM OADD J=9DAR=L@9L AL OGMD< :=KLJ9F?=LG CFGO L@= N9JA9F;=G>L@= HGHI
CFGO L@= E=9F 0AF;= QGM F==< LG CFGO L@= HGHMDI9LAGF E=9F LG ;9D;MD9L= L@= HGHN\
KL9F<9J< <=NAI9LAGF L@= GFDQ LAE= O@=F QGM OGMD< CFGO L@= HGHMDY9LAGF N9JA9F;=
E=9F 9J= =P9EHD=K 9F< HJG:D=EK AF L=PL:GGCK 1@= MKM9D ;9K= G;;MJK O@=F QGM @9N-=
L@= HGHMDIY9LAGF N9JA9F;= 9F< E=9F OL9LAKLA;A9FK @9N=>A?MJ=< GML @GO LG @9F<D=1
KO9EHD= N9JA9F;= 9K 9F =KLAE9L= G> L@= HGHMDILAGF.BIAQG—IOEABIKAE® = N9JAIF;= G> |
KO9EHDAF? <AKLJA:MLAGF /=E=E:=J L@9L AK 9F MF:A9K=BKEAEDLIGIGE@9L L@= N9JA9F;=
G> L@= K9EHDAF? <AKLJA:MLAGF G> E=9FK AK J=D9L=< LG L@= N9JA9F;= G> L@= GJA?AFILC
L@= =IMILAGF

o2 =c%/n

0G L@= =KLAE9L=< KL9F<9J< <=NA9LAGF G> 9 KOQEHDAF? <AKLJA:MLAGF G> E=9FK AK

#GDDGOAF? L@AK L@GM?@L KLILAKLA;A9FK >GMF< L@9L A> L@=Q LGGC K9EHD=K G> 9 ;
HGHMDILAGF ;GEHML=< 9 KLILABLA)29I—=99@ KO9EHD= 9F< HML L@GK= AFLG 9 J=D9LAN= >
<AKLJA:MLAGF L@= <AKLJA:MLAGF OGMDx< := L@= K9E= >GJ K9EHD=K G> L@= K9E= KAR= <
HGHMDILAGF 1@= K@9H= G> L@AK KOEHDAKNAKEBAKBEAGKEIOE OK K9EHD= KAR= N9JA=K |
9FB AIKK 9DO9QK L@= K9E= #GJ =P9EHD= >GJ K9EHD=K G> G> L@= K9EHD=K @9N= L K;!

9F< O@AD=>GJ K9EHD=K G> @9N=L K;GJ=K :=LO==F X 1@=:A??=J L@= K9EHD-
L@= F9JJGO=J L@= JI9F?= G> K;GJ=K L@9L ;GN=JK 9FQ H9JLA;MD9J HIGHGJILAGF G> L@= K
;GEHML=<:Q L@=>GJEMD9

t=(z— w)/(s/y7)
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Q ;GEH9JAF? L@= >GJEMD9 >GJ L@= L K;GJ= OAL@ L@=>GJEMD9 >GJ L@= R K;GJ= QGM O
L@= L AK BMKL 9F =KLAE9L=< R 0AF;= L@=J= AK GF= L K;GJ= >GJ =9;@ K9EHD= L@= L AK I
<AKLJA:MLAGF &L LMJFK GML L@9L L@=J= 9J= GL@=J L@AF?K L@9L ;9F := ;GEHML=< >JGE
K9E= <AKLJA:MLAGF 9K L@AK L +GLA;= L@9L O=_N= MK=< L@= K9EHD= KL9F<9J< <=NA9LAG!
L K;GJ= OAF;= O=_N= MK=< K O=_N= MK=< MH GF= <=?J== G> >J==<GE =;9MK= L@=J= 9J-
KO9EHDAF? <AKLJA:MLAGFK L@9L @9N=L@AK K9E= K@9H= :ML MK= MH N9JAGMK FME:=JK G>
L@= MKM9D HJ9;LA;= LG J=>=J LG L@= L <AKLJA:MLAGF FGL 9K L@= <AKLJA:MLAGF >GJ 9 H9.
L@= <AKLJA:MLAGF >GJ 9 H9JLA;MD9J FME:=J G> <=?J==K G> >J==<GE <> 1@=J= 9J= HM:DAI
L@= K@Q9H=K G> L@= L <AKLJA:MLAGFK 9F< L@=Q 9J= 9JJ9F?=<:Q <=?J==K G> >J==<GE KG L(
9DD KALMILAGFK

)GGCAF? 9L L@= >GJEMD9 QGM ;9F K== L@9L L@= E=9F L K;GJ= OADD A RMIGMAF;= L@-
"9;@ L <AKLJA:MLAGF AK KQEE=LJA; OAL@ @9D> G> L@= L K;GJ=K :=AF? HGKALAN= 9F< @9
CFGO >JGE L@= ;=FLJ9D DAEAL L@=GJ=E L@9L L@= KO9EHDAF? <AKLJA:MLAGF G> E=9FK Ak
KQEE=LJA;, O@=F L@= GJA?AF9D HGHMD9LAGF AK FGJE9D

F =P;=JHL >JGE 9 LQHA;9D L L9:D= AK R@EOF AGLE L@IL L@=J= AK GF= DAF= =9;@ >GJ N¢
<=?J==K G> >J==<GE ;JGKK L@= LGH 9J= L@= HIGHGJLAGFK G> L@= <AKLJA:MLAGFK L@?9
LO9AD[L@= 9EGMFL K@9<=< AF L@= HA;LMJ= 1@=:G<Q G> L@= L9:D= K@GOK O@A;@ L K;GJ=
<AKLJAIMLAGEXERIL@IL <> >JGE L@= 9J=9 K@9<=< AF L@=L9AD O@A;@ L K;GJ=BR£@N=K L@¢
ALK JA?@L #GJ =P9EHD= A> QGM ;@GK=9DD G> L@= HGKKA:D= K9EHD=K OAL@ <> 9F<>G|

G> L@GK= K9EHD=K OGMD< @9N= L K;GJ=K ?J=9L=J L@9F 9F< OGMD< @9N=L
D=KK L@9F

(./82 '.9<86:4 ;3 C@AL2.@ @ .(82

13 </ </ <=/ G <>/ <>/

&F>AFALQ

&F 9:D= 9 KO9EHDAF? G> 9 KIWWk+BID= AL K@QGOK L@= HJG:9:ADALQ G> =P;==<AF? L@= N
‘G<Q4 AL@ <> L@=J=AK9 HJIG:9:ADALQ L@9L 9 K9EHD=OADD @9N=9 L K;GJ=
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#GJ 9 EGJ= AFL=J9;LAN=L L9:D= 9DGF? OAL@ L@= L <AKLJA:MLAGF >GDDGO L@=GR=D L=EH
;9F KAEHDQ ;@9F?= L@= N9DM=K AF L@= Q=DDGO ;=DBGAR. IG=IL@=LNMB:0= 9F< ALK 9KKG;A
<AKLJA:MLAGF

21 2==:< 9:/8=/A=,- -+ 3&:>-=9;B,><38/<<<=+=3<=3-< :

E 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="REBDOL= G> 9:D%f [ K== HH=F<AP

OAF;= L@= L <AKLJA:MLAGFK 9J= KQEE=LJA; A> K Gt @@=<* 9J= ?J=-9L=J L@Q9F L@=F
9J= D=KK L@9F 1@= EA<<D= G> LOKIO@=F L@=J=9J= <> 9J=:=LO==F
9F< 1@=EA<<D= G>LK;GJ=KO@=FL@=J=9J= <>9J=:=LO==FX =, 9MK= D=9N-=]
AF L@= D=>L L9AD 9F< D=9N=K AF L@=JA?@L L9AD 1@= L <AKLJA:MLAGF ?=LK ;DGK:
FGJE9D <AKLJA:MLAGF 9K L@= FME:=J G> <=?J==K G> >J==<GE JAK=K K9 J=KMDL L@= D9KL
AF>AFALQ <> ;9F 9DKG := MK=< LG >AF< L@= R K;S3FHFL@IGBEINAGRK G> L@= K9EHD= AF L(

4@9L ;GMD< (=NAF @9N= <GF= A> @= @9< :==F 9KC=< %GO EM;@ <G=K 9 H9;C G> :==J:GLL
9F< ;GMD< FGL =9KADQ >AF< ?GG< <9L9 GF L@= HGHMDIY9LAGF 0AF;= @= CFGOK KL9LAKLA;K
9F< E9C= 9F AF>=J=F;= 9:GML L@= HGHMDI9LAGF E=9F =;9MK= L@= <AKLJA:MLAGF G> O=A?
:==J :GLLD=K AK L@= J=KMDL G> 9 E9FM>9;LMJAF? HJG;=KK AL AK 9DEGKL ;=JL9AFDQ FGJESL
9DEGKL =N=JQ E9FM>9;LMJ=< HIG<M;L 9J= FGJE9DDQ <AKLJA:ML=< &F 9 E9FM>9;LMJAF? HJC
AK HJ=;AK= 9F< O=DD ;GFLJGDD=< =9;@ AF<ANA<M9D HA=;= N9JA=K KDA?@LDQ 9K L@= L=E}
L@= KLI=F?L@ G> L@= HGO=J N9JA=K 9K GL@=J E9;@AF=K 2@+ MIFKAKEEREX&>L@= J90
E9L=JA9D N9JA=K KEBAR@EREFK G> GL@=J >GI=KLL@®E SAFOD GML;GE= N9JEGKDAZLDQ
L@= H9;CK GJ :GDLK GJ O@9L=N=J AK :=AF? EQFM>9;LMJ=< OADD := N=JQ ;DGK= LG L@= E-
OAL@ BMKL 9K E9FQ 9 DALLD=&@39AQ &IF33F 9 DALLD= DA? @INSFAIBERDEE1@= HIG;=KK
AK KMHHGK=< LG := HIG<M;AF? 9 HGHMDOLAGF G> JA<=FLA;9D" AL=EK L@=J= OADD := KGE=1
1@AK AK O@9L ;9MK=K KG E9FQ HGHMDI9LAGFK LG := FGJE9DDQ <AKLJA:ML=< =;9MK=L@= <
AK FGJEO9D (=NAF ;9F MK=L@=L L9:D= LG >AF< L@= K@9H= G> L@= <AKLJA:MLAGF G> K9EHI
;9F MK=L@=L L9:D= LG L=DD @QAE 9:GML L@= K@9H= G> L@= <AKLJA:MLAGF G> K9EHD= L K;(
AF>=J=F;= 9:GML L@= E=9F O=A?@L G>9 H9;C G> :==J:GLLD=K 1@AK AK @GO @=;GMD< E9

01"- 1 9C=9KI9EHDS8BGOQ H9;CK G>:==J:GLLD=K 9F< ;9J=>MDDQ O=A?@ =9;@ H9;C
01"- #AF< A9F<<>GJ L@®SEHD=

01"- O@=J= L@= LJA;CQ H9JL KL9JLK )GGC 9L L@= LL9:D= 9F< >AF< L@= L K;GJ=K L
HIGHGJLAGF K9Q G> KREMDEA <> AF L@= EA<<D=

01"- L@= @=9JL G>L@= LJA,CQ HOJL KKMEBEHDSLAII L K;GJ=L@IL AK AF L@= EA<<D=
L@= <AKLJA:MLAGF G> L K;GJ=K

01"- L@=9JAL@E=LACH4L@=< 8 9F< IK>JGE L@=L L9:D= 9F< K=L MH LOG =IMILAGFK GF= >(
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G>L@OG L9:D=L N9DM=K 4@=F @= KGDN=K =9;@ G> L@=8— OMBDAGH<OGAFL=INID L@IL ¢
KMJ= 9 KLOLAKLA;A9F OGMD< K9Q JOAL@ ;GF>A<=F;=" ;GFL9AFK L@=HGHMD9LAGF E=9F

(=NAF <=;A<=K L@QAK AK L@= 09Q @= OADD 9FKO=J L@= IM=KLAGF %AK K9EHD= ;GFL9AF}
O=A?@LK G>

%= >AF<K @AK K9EHD& E=9EADG?J9EK 9F< @AK K9EHD= KL9F<9J< <=NAILAGF J=E=E:=JAF?
L@= K9EHD=>GJEMDEGADG?J9EK @=L L9:D=L=DDK @AE L@9L &OKRAEHD=<*9J=:=LO==F
X  %=KGDN=K L@=K=LOG =IMIIM\GFK >GJ

+2.145 = (36.32 — ) /(.87/4/14) and —2.145 = (36.32 — p)/(.87/+/14)

>AF<AN? CADG?J9EK 9FM  CADG?J9EK 4AL@ L@=K= J=KMDLK (=NAF ;9F J=HGJL L@9L @
H=J ;=FL KMJ= L@9L L@= E=9F O=A?@L G>9 H9;C G> :==J :GLLD=K AK :=LO==F 9F< CA
+GLA;= LQIL L@QAKIAKKAIGE O@=F @= CF=0 EGJ= 9:GML L@= HGHMDI9LAGF AF L@= HIJ=NAG

Summary

DGL G> E9L=JA9D @9K :==F ;GN=J=< AF BBARGOEMI@IG> AL @IK :=4E 89KQ=LLAF? AFLG
J=9D KLILAKLAY-EGBO OADD J=IMAJ=;9J= GF QGMJ HI9JL A> QGM 9J=?GAF? LG C==H E9CAF? K-

1@=;@9HL=J GMLDAF= AK KAEHD=

T *9FQ L@AF?K 9J= <AKLJA:ML=< L@9IKBESKDIGF;= O=_N= KLIF<9J<AR=< L@= E=E:=JK_
NO9DM=K AFLG R K;GJ=K

T 1@=;,=FLJ9D DAEAL L@=GJ=E ?AN=K MK=JK G> KL9LAKLA;K 9 DGL G> MK=>MD AF>GJE
KO9EHDAF? <AKLJAMAAGEFBOL=< LG L@= GJA?AFID AGHMDIOLAGF G>

T 1@= L <AKLJA:MLAGF D=LK MK <G E9FQ G> L@= L@AF?K L@= ;=FLJ9D DAEAL L@=GJ=
L@=N9JA9F;= G> L@= HGHMBIEBGEFGOF

4 = OADD KGGF K== L@9L KLILAKLA;A9FK @9N= D=9JF=< 9:GML GL@=J K9EHDAF? <AKLJA
L@=EG E9C= AF>=J=F;=K 9:GML HGHMDIY9LAGFK >JGE K9EHD=K &L AK L@JGM?@ L@=K
<AKLJA:MLAGFK L@9L EGKL KLILAKLA;K AK <GF= &L AK L@=K= CFGOF K9EHDAF? <AKLJA:M
:=LO==F L@= K9EHD= O= @9N= 9F< L@= HGHMDO9LAGF L@9L O= O9FL LG E9C= 9F AF>=J=F;=9:



Chapter 3. Making Estimates

1@= EGKL :9KA; CAF< G> AF>=J=F;= 9:GML 9 HGHMDOLAGF AK 9F =KLAEO9L= G> L@= DG;9L
<AKLJA:MLAGROZ@%=.8 8696@ @HX9QK L@IL L@= K9EHD= E=9F AK 9F MF:A9K=< =KLAE9LC
HGHMDYOLAGF E=9F 9F< ;9F := MK=< LG E9C= 9 KAF?D= HGAFL AF>=J=F;= G> L@= HGHMD9LAGF
L@AK CAF< G> AF>=J=F;= OADD ?AN= QGM L@= ;GJJ=;L =KLAE9L= GF 9N=J9?= AL K=D<GE
;GJJ=;L =KLAEO9L= K 9F 9DL=JF9LAN= KLOLAKLA;A9FK @9N=>GMF< GML @GO LG =KLAE9L= ¢
;=JL9AFDQ ;GFL9AFK L@= HGHMDY9LAGF E=9F &F L@= F=PL >=0 H9?7=K QGM OABEIBEPDJIF @ G(
AF>=J=F;=K 9:GML 9 HGHMDIOLAGF >JGEM QANEHLB=8JF @GO LG E9C= AFL=JN9D =KLAE9L=K G>
L@= HIGHGJLAGF G> E=E:=JK OAL@ 9 ;=JL9AF ;@9J9;L=JAKLA; 9F< L@= N9JA9F;= "9;@ G>
>GDDGOK L@= K9E= GMLDAF= Q=L =8;@AUKIEBAS? <AKLJA:MLAGF LG DAFC L@= K9EHD:-
;@GK=F OAL@ L@= HGHMDIY9LAGF QGM 9J= LIQAF? LG D=9JF 9:GML

Estimating the population mean

1@GM?@ L@= K9EHD= E=9F AK 9F MF:A9K=< =KLAE9LGJ G> L@= HGHMDIY9LAGF E=9F N=JQ >=C
=P9;LDQ =IM9D LG L@= HGHMDY9LAGF E=9F 1@GM?@ >=0 K9EHD=K @9N= 9 E=9F =P9;LDQ =IM
E=9F7 L@=;=FLJ9D DAEAL L@=GJ=E L=DDK MK L@9L EGKL K9EHD=K @9N=9 E=9F L@9L AK;
E=9F K9J=KMDL A>QGM MK=L@=;=FLJ9D DAEAL L®EGMPAGBKAEILE = =P9;LDQ JA?@L
QGM OADD K=D<GE :=>9J OJGF? OL9LAKLA;A9FK @9N= D=9JF=< @GO G>L=F 9 HGAFL =KLAE¢
2KAF? L@AK CFGOD=<?= QGM ;9F >AF< 9F AFL=JN9D 999880 EDWIERISKFK L@= HGHMD9LA
E=9F 6GM =N=F ?=L LG ;@GGK= @GO ?J=9L 9 HIG:9:ADALQ QGM O9FL LG @9N= L@GM?@ LG
L@= AFL=JN9D EMKL := OA<=]

*GKL G> L@= LAE= =KLAEO9L=K 9J= AFL=JN9D =KLAE9L=K 4@=F QGM E9C= 9F AFL=JN9D =Kl
]& 9E CH=J ;=FL KMJ= L@9L L@= E=9F G> L@AK HGHMB9EAGF.MKL=L@=l=F QGM OADD @=9J
KGE=GF=K9Q L@9L L@=Q @9IN==KLAE9L=< L@9L L@= E=9F AK KGE= FME:=J ][X KG EM;@" 4@
AK IMGL=< L@= EA<HGAFL G> L@= AFL=JN9D >GJ L@= JKGE= FME:=J" KGA@MBI%= AFL=JN
L@=F := KHDAL AF @9D> OAL@ ]KG EM;@" 9:GN= L@= EA<HGAFL YSFQFREEMIDDGRBGEGL
L=DD QGM L@I9L L@=83= GHLEMJI=" *9CAF? KM;@ 9F =KLAE9L= AK FGL @9J<\ AL AK O@9L
L L@= =F< GBbR@=.@IHLEAK OGIL@ QGMJ O@AD= LG ?G L@JGM?@ L@=tAMKK L @=>MDD(
K9E=:9KA; KL=HK 9J= >GDDGO=< >GJ E9CAF? 9FQ AFL=JN9D =KLAES9L=

&F E9CAF? 9FQ AFL=JN9D =KLAE9L= QGM F==< LG MK= 9 K9EHDAF? <AKLJA:MLAGF &F E9CAF
G> L@= HGHMDIOLAGF E=9F L@= K9EHDAF? <AKLJA:MLAGF QGM MK= AK L@= L <AKLJA:MLAGI

1@=9KA; E=L@G< AK LG HA;C 9 K9EHD= 9F< L@=F >AF< L@= J9F?= G> HGHMD9LAGF E=9FK
KOEHD<L K;GJ= AF L@= ;=FLJ9D H9JL G> L@= LXERCIA:@MCFDALLDBABOIIL @= >GIEMD9
>GJ L

t= (@ p)/(s/y/m)

0@=J8AK QGMJ KIRHDOAR= 9K9F<<9J= ;GEHML=< >JGE QGMJ KEKD®IL QGM 9J= LIQAF? LG
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=KLAE9L= #JGE L@=L L9:D= QGM ;9F >AF< L@= JIF?= G> L K;GJ=K L@9L AF;DM<= L@= EA<<I
H=J ;=FL GJ O@9L=N=J H=J ;=FL >GJF <=2J==K G>>J==<GE @GGK= L@= H=J;=FL9?= QGM C
L9:D= 6M FGO @9IN= L@= DGO=KL 9F< @AAD<KIE£KFIBNK.9F L@=F KM:KLALML= L@= DGO=}
K;GJ= AFLG L@= =IMILAGF 9FM{GDM¥F=EF= G> L@= DMBALBGIGI KOEHDK.GJ= AK AF L@=
EA<<D= G> L@= <AKLJA:MLAGF 1@=F KM:KLALML= L@= @A?@=KL L K;GJ= AFLG L@= =IM9ILAC
/=E=E:=J L@9L QGM O9FMKOEIMK= QGM O9FL LG := 9:D= LG K9Q L@9L L@= HGHMDILAGF E=9
LOG FME:=JK

1@=LOG L K;GJ=K 9J=9DEGKL 9DO9QK X L@% ESESHME@FJGA; LOAF? QGM @9N=<GF= AK LC
L@9L QGMJ K9EHD= @9K 9 L K;GJ= L@9L AK JAF L@= EA<<D=" G> L@= <AKLJA:MLAGF K DGF
L@9L 9KKMEHLAGF L@= HGHMDOLAGF E=9F OADD := OAL@AF L@= DAEALK G> QGMJ AFL=JI
QGMJ AFL=JN9D =KLAE9CH4& SEL KMJ= L@IL L@= E=9F AK =LO==FL2;GPIAER L@=
E=9F AK :=LO==FZ" ;GE=K >JGE @GO EM;@ G> L@= L <AKLJA:MLAGF QGM O9FL LG AF;DM<= 9l
&> QGM @9N=9 KOEHD=G> KGL@=J=9J= <> DGGCAF? 9L L@=L9:D= QGM OADD K==L@
G> OADD @9N=9 L K;GJ=:=LO==F X L@9L 9DKG E=9FK L@9L >GJ 9FQ KO9EHD=G> L@=F
ALKLAK:=LO==F X AK

KL@=HJG:9:ADALQ ?G=K MH L@= J9F?= G> L K;GJ=K F=;=KR8JMHIGHGNEAGEE&-DL@= K9EHD
?=LK D8J 1@AK E9C=K K=FK= &> QGM O9FL LG AEHJGN= L@= ;@9F;= L@9L QGMJ AFL=J
HGHMDOLAGF E=9F QGM ;GMD< KAEHDQ ;@GGK= 9 OA<=J AFL=JN9D #GJ =P9EHD= A> QGMJ
K9EHD= KL9F<9J< <=NA9LAGF O9K 9F< K9EHD= KAR= 09K LG:= KMJ=QGM 0=J=;GJJ=;L
F==< LG :9K= QGMJ E=9F GF L K;GJ=K G>XCARP L@JGM?@ L@= 9JAL@E=LA; ?AN=K QGM 9
>JGE LG 1 G @IN= ;GF>A<=F;= QGM OGMD< F==< LG :9K= QGMJ AFL=JN9D GF L
X 2KAF? L@=K=D2QIL K;GJ=K ?AN=K QGM 9 OA<=J AFL=JN9D GF= >JGE LG >1@AK LJS
:=LO==F HJ=AKAGF 9 F9JJGO=J AFL=JN9D AK EGJ= HJ=;AK= 9F< ;GF>A<=F;= HJG:9:ADALQ C
G;;MJIK AF 9FQ AFL=JN9D =KLAE9LAGF KALMILAGF 1@=BAAKIKIEH D+ IAKREGIGCGCAF? 9L L(
LL9:D= FGL= L@9L L@= L K;GJ=K >GJ 9FQ D=N=D G> ;GF>A<=F;= 9J= KE9DD=J O@=F L@=J=
>J==<GE =;9MK= K9EHD= KAR= <=L=JEAF=K <=?J==K G> >J==<GE QGM ;9F E9C= 9F AFL=JN!
9FQ D=N=D G> ;GF>A<=F;= EGJ= HJ=;AK= A> GINEeND=P@BKIEHD=K 9J= EGJ= =PH=FKAN=
LG ;GDD=;L @GOENLIF= G> L@= E9AF J=9KGFK O= O9FL LG D=9JF KLILAKLA;®AILAKKON= EC(
L@J==09Q LI9<ABAFL=JNI9D =KLAE9LAGF :=LO==F HJ=;AKAGF ;GF>A<=F;= 9F<;GKL

L I=DL9 ==J GEH9FQ AF JALAK@ GDME:A9 L@= <AJ=,LGJ G> @ME9F J=KGMJ;=K @9K :=;GI
L@IL L@= @AJAF? HJ9;LA;=K <AK;JAEAFIL= 9?9AFKL GD<=J OGJC=JK %= 9KCK (=NAF LG DGC
F=0 OGJC=JK 9J= @AJ=< 9F< (=NAF <=;A<=K LG >AF< L@= 9N=J97?= 97= 9L @AJAF? %= ?G=K
G>A;= 9F< >AF<K GML L@9L GN=FJ=FkA=GHD= @9N= OGJC=< 9L L@AK ;GEH9FQ AF L@= H9K
&F GJ<=J LG KON= LAE= 9F{(H&N=Q=;A<=K LG E9C= 9F AFL=JN9D =KLAE9L= G> L@= E=9F 9?=9
@AJ= %=<=A<=K L@9L @= O9FLK LG E9C=L@AK =KLAE9L= OAL@ ;GF>A<=F;= $GAF? AFLG
(=NAF ;@GGK=K >GD<=JK 9F< J=,GJ<K L@=:AJL@ <9L= 9F< <9L= G> @AJAF? >JGE =9;@ %:
@AJAF? >GJ =9;@ H=JKGF 9F< ;GEHML=K L@= K9EHD= E=9F 9F< KL9F<AJ< <tNAJKAGF >AF<,
9F<< Q=9JK $GAF? LG L@=LL9:D= @=>AF<K L@9L G> LK;GJ=K OAL@ <> 9J=:=LO=:
6GM ;9F 9DL=JFOLAN=DQ MK= L@= AFL=J9;LAN="P;=D L=EHD9L= AF #A?MJ= LG >AF< L@= K9l
&F <GAF? L@AK QGM ;9F =FL=J <> 9F< ;@GGK=9DH@9 1@=J=9KGF QGM K=D=;L AKI
:GFKLIM;LAF? 9F AFL=JN9D =KLAE9L= G> L@= E=9F 9?= 1@=J=>GJ= L@= 9;LM9D N9DM= G>
:GJJ=LL K;GJ=AK



2863)9(836= 97.2*77 18&8.78.(7

2/ 2==:< 9:/8=/A=,- -+ 3&:>-=9;B,><38/<<<=+=3<=3-< :

E 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="REBDOL= >GJ |I=L=JEAFAFOD®I=K ME>CGSAFL [ K== HH=F<AP
%= KGDN=K LOG =IM9LAGFK
+2.045 = (24.71 — 1) /(2.13/+/30)

9F< >AF<K L@9L L@= DAEALK LG @AK AFL=JN9D 9J= 9F< (=NAF L=DDKL@= %/ <AJ=
;GF>A<=F;= L@=E=9F 9?=9L <9L=G> @AJ= AK :=LO==F  Q=9JK 9F< Q=9JK "

Estimating the population proportion

1@=J= 9J= E9FQ LAE=K O@=F QGM GJ QGMJ :GKK OADD OSPFk;b@ 6K CAEDIHAHMDILAGF
L@9L @9K 9 ;=JL9AF ;@9J9;L=JAKLA; 1@= :=KL CFGOF =P9EHD=K 9J= HGDALA;9D HGDDK O«
NGL=JK O@G OGMD< NGL= >GJ 9 ;=JL9AF ;9F<A<9L= AK =KLAE9L=< 1@AK AK 9 DALLD= LJA
HGHMDIOLAGF E=9F &L K@GMD< GFDQ :2=<KFEHDAK@BP9IP<BMKLE=FLK K@QGMD< := E9<= M
N9JAGMK ;GF<ALAGPKDD ;GN=J L@= KAEHD=KL ;9K= @=J= 9KKMEAF? L@9L L@—= HGHMDILAC
KOEHD= ARDIF< L@IL GF;=9 E=E:=J G> L@= HGHMDI9LAGF AK ;@GK=F LG := AF L@= K9EHD=
L@I9L AL EA?@L = ;@GK=F 9?9AF OL9LAKLA;A9FK @9N=>GMF<L@9L O@=F 9DD G> L@= 9KKI
9 K9EHD= KLOLAKLA; L@9L >GDDGOK L@= KL9F<9J< FGJE9D <AKLJA:MLAGF &>9DD G>L@=H
KAR= 9J= ;@GK=F 9F< >GJ =9;@ K9EHD= L@= HIGHGJLAGF G> L@= K9EHD= OAL&K 9 ;=JL9A
>GMF< 9 R KLOLAKLA,; ;9F L@=F := ;GEHML=< MKAF? L@= >GJEMD9

z=(p—m)/(y/(p(1 —p)/n)

O@=J=e HJIGHGJILAGF G> HGHMDY9LAGF OAL@ L@= ;@9J9;L=JAKLA; 9F< OSITAFAKIL JA:ML
L@=:GLLGE DAF=G>L@=L L9:D= K®&AD®=K—RO==F X OADD :=:=LO==F X  =L;

=;9MK= KL9LAKLA;A9FK CFGO L@9L L@= R K;GJ=K >GMF< >JGE K9EHD=K OAQGN-;8RKLJA:MI
E9C=9F AFL=JNI9D =KLAE9L= G> L@=HJGHGJLAGF G> L@=HGHMDI9LAGF OAL@ L@=;@9J9;L=
OF< L@= E=L@G< AK H9J9DD=D LG L@9L MK=< LG E9C= 9F AFL=JN9D =KLAE9L= G> L@= HGHI
L@=K9EHD= >AF<L@=K9EHD=H 9KKME=L@9L QGMJ K9EHD= @9K 9 R K;GJ=L@9L AK F
KOEHDAF? <AKLJA:MLAGF MKAF? L9R-9ORSEKHBEIL = G> L@= HGHMDI9LAGF e AF L@= <=FGEA
L@= L9:D= R N9DM=K >GJ L@= <=KAJ=< D=N=D G> ;GF>A<=F;= KGDN= LOA;= LG >AF< L@= D/
QGM :=DA=N=;GFL9AFK L@= HGHMD9LAGF HIGHGJLAGF

L L@=!'=DL9 ==J GEHI9E@= <AJ=;LGJ G> @ME9F J=KGMJ;=K 9DKG 9KC=< FF %G09J< LG DG
97= 9L @AJAF? 9L L@= HD9FL FFX2HK 9RAIGI;@ L@IF (=NAF 9F< <=;A<=K LG AFN=KLA?9
HIGHGJLAGF G> F=0 @AJ=K O=J=9L D=9KL 0@= DGGCK 9L L@= H=JKGFF=D J=;GJ<K 9F<
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LG E9C= 9F AF>=J=F;= >JGE 9 KO9EHD= 9>L=J >AF<AF? L@81-GN+H-GHRA>@IN= OGJC=< 9L L@
;GEHIOFQ 9L KGE= LAE= AF LOQEIIKL0@= ;@GGK=K H=JKGFF=D >AD=K J=HD9;AF? =9;@ >AL
@9K J=;GI<=< L@= 97= G> L@= H=JKGF 9L @AJAF? 0@=>AF<K O@G O=J= GJGD<=J 0@-=}
OL L@= !=DL9 ==J GEHO9®El¥ <=;A<=K LG E9C= @=J AF>=J=F;= OAL@ ;GF>A<=F;= 9F< >JGE |
DAF=G>L@=L L9:D=>AF<KL@9L G>RK;GJ=K DA=:=LO==F X 0@=>AF<K @=J MHH=J 9F<

m=.17 — (.038)(1.96) = .095

IF< K@= >AF<K L@= GL@=J :GMF<9JQ

7 =17 — (.038)(—1.96) = .245

0@5GF,DM<=K L@9L OAL@ ;GF>A<=F;= L@= HIJGHGJLAGF G> H=GHD= O@G @9N= OGJ

GEHIFQ O@G 0O=J=GN=J O@=F @AJ=<AK:=LO==F 9F< 1@AKAK9>9AJDQ OA<=AFL=J
OL L@==IMILAGF >GJ ;GFKLIM;LAF? L@= AFL=JN9D QGM K@ GMB& K9EBE+ KAR—=QA&ID IFHML
AF 9 F9JJGO=J AFL=JN9D BMKL 9K AL <A< O@=F =KLAESLAF? L@= HGHMDO9LAGF E=9F

Estimating population variance

FGL@=J ;GEEGF AFL=JN9D =KLAE9LAGF L9KC AKB.C6=B2AEOD-HEBHMDILAGF %A?@ IM9DA
HJG<M;LK FGL GFDQ F==< LG @9N=L@=HJGH=J E=9F <AE=FKAGF L@= N9JA9F;= K@GMD< :='
G> HGHMDYOLAGF N9JA9F;= >GDDGOK L@= K9E= KLJ9L=?Q 9K L@= GL@=J =KLAE9LAGFK Q
9KKMEAF? L@9L AL AK >JGE L@= EA<<D= G> L@= HGHMDI9LAGF QGM ;9F MK= 9 CFGOF K9EHI
9 J9F?= G> N9DM=K L@9L QGM 9J= ;GF>A<=FL ;GFL9AFK L@= HGHMD9LAGF N9JA9F;= ,F;=9
KO9EHDAF? <AKLJA:MLAGF L@9L KLILAKLA;A9FK @9N= <AK;GN=J=< >GJEK 9 DAFC :=LO==F K9E

19C= 9 K9EHD= G>&ARE 9 FGIJE9D HGHMDIOLAGF OAL@ CFGOF N9JA9F;= 9F< ;GEHML= 9 KL¢
O HIGFGMF;656 ?=A.2 >GJ L@9L K9EHD= MKAF? L@= >GDDGOAF? >GJEMD9
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6GM ;9F K== L@Q@ADD 9D09QK := HGKALAN= :=;9MK= :GL@ L@= FME=J9LGJ 9F< <=FGEAF9L(
.= HGKALAN= 1@AFCAF? AL L@JGM?@ 9 DALLD= QB8NFPKk BBEG KADDAHESBODDQ=3 D9J
KAF;= L@= FME=J9LGJ OADD L=&J b& EQISOF< EQUEA 9J= KMEE=< LG?=1&@KI@GMD< FGL

= LGG KMJHJAKAF? :Q FGO LG >AF< GML L@9L A> 9DD G> L@= HBREIAIBCKBEHBEKBD 9 KA
FGJE9D HGHMDELAGFGEHML=< >GJ =9;@ K9EHD= @FSJ=@EIFE?=< AFLG 9 J=DILAN= >J=IM=F;
<AKLJA:MLAGF L@= <AKLJA:MLAGF AK 9DO9QK L@= K9E=

=,9MK= L@= KAR= G> L@= K9EHD= SGNADMKDEIOAK 9=0AFL <AKLJA:MLAGF >GFFF@ <A>
KO9EHD= KAR= 1@=J=9J= GL@=J K9EHD= KLI9LAKLA;K L @3 KG-DHEL LEM L=<ABATAMLAGF L9:
G> L@=<AKLJA:MLAGF 9J=9JJ9F?=<:Q <=?J==K G>>J==<GE KG L@9L L@=Q ;9F := MK=< AF 9FQ
9HHJGHJA9L= K QGM EA?@L =PH=;L AF LQAKBHIBGEIMIGGE®I 9:D= AK J=HIG<M;=<:=DGO
AF #A?MJ=6 GM ;9F MK= L@= >GDDGOAF? AFL=J9;LAN= "P;=D L=EHD9: - HBABARG&E) = ;ML G:
L@AK L=EHD9L= QGM @9N=9 ;@GA;= LG =FL=J <> 9F< K=D=,L L@= MHH=J L9AD G> L@= <AKI
O OADD :=,;J=9L=< 9DGF? OAL@ ALK ?J9H@

8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 IA-6>./. 0;97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/
21 2==:< 9:/8=/A=,- -+ 3&:>-=9;B,><38/<<<=+=3<=3-< :

#A?MJ= &FL=J9;LAN="REBDOL= >GJ |=L=JEAFAB?NIIGG> -GAFL [ K== HH=F<AP

39JA9F;= AK AEHGJLI9FL AF IMODALQ ;GFLJIGD :=,9MK= QGM O9FL QGMJ HIG<M;L LG := ;GFK
1@= IMODALQ ;GFLJGD E9F9?=J G> |=DL9 ==FIGHEHQBMKL J=LMJIF=< >JGE 9 K=EAF9J ;9D|
]-MODALQ ==M9IDALQ -JG>ALK" %= D=9JF=< KGE=L@AF? 9:GML N9JA9F;= 9F< @9K 9KC=< (=N
L@= N9JA9F;= G> L@=CGKDE®E===J :GLLD=K HJG<M;=< :Q !=DL9 (=NAF <=;A<=K L@9L @-= ;¢
L@AK J=IM=KL :Q L9CAF? J9F<GE K9EHD=K <AJ=;LDQ >JGE L@= HIG<M;LAGF DAF= (=NAF CF
N9JA9F;= AK 9F MF:A9K=< =KLAE9LGJ G> L@= HGHMDI9LAGF N9JA9F;= ‘ML @= <=;A<=K LG
=KLAE9L= G> L@= N9JA9F;= G> IGR—=NGOIMED=K %= 9DKG <=;A<=K L@9L ;GF>A<=F;= OADD !
MFLAD @= >AF<K GML EGJ=9:GML O@9L -=L=J O9FLK

(=NAF ?G=K 9F< >AF<K L@= <9L9 >GJG@&=-1968HH3Q K=D=;L=< :GLLD=8FE* @=F ?=LK J=9<Q
LG MK= IGQB<AKLJA:MLAGF LG E9C=9 ;GF>A<=F;= AFL=JN9D =KLAE9L= G> L@= RXIB@F= G> L(
:==J :GLLD=K %AK ;GDD=;L=< <9L9 9J= K@GOF :=DGO AF EADDADALJ=K

4 AL@ @AKK9EHD=G> :GLLD=K @=OADD @9N= <>2KAF?L@="P;=D L=EHD9L= AF #A?MJ=
=FL=JK OAL@ <> GF=LAE= 9F< OAL@ L@=K9E= <> 9FGL@=J LAE=AF L@= Q=DDGO ;=L
L@9L &@9J=?J=-9L=JL@9F 9F<GFDQ 9J=7?J=9L=JL@9F O@=FL@=J=9J= <>1@AK|
L@9L 9J=:=LO==F 9F< KKMEAF? L@9L @AK KOEBID@EAIOKK AF L@= EA<<D=  (=NAF
?=LK J=9<Q LG ;GEHML= L@= DAEALK G> @AK AFL=JN9D 1@AK LAE= (=NAFKMKADL@E "P;=C
>MF;LAGFK LG ;9D;MD9L= N9JA9F;= 9F< KL9F<9J< <=NA9LAGF G> L@= K9EHD=9FSL9 %= MK-
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01!"3 0 LG ;9D;MDOL=:GL@ KI9EHD= N9JA9F;= 9F< KL9F<9J< <=NA9LAGF %= ;GE=K MH OAL@
N9JA9F;= 9F< E) 9K @AK K9EHD= KL9F<9J< <=NA9LAGF

(=ENAF L@=F L9C=® E@3H=MD9 9F< KGDN=K AL LOA;= GF© £)MSDIA?
x? = 6.571 = 1.66 /0

OGDNAF? 3G@®= >AF<K GF= DAEAL >GJ @AK AFL=JN9D AK %= KGDN=K L@®© kK3&Bx LAE= (
LG

23.685 = 1.66 /0

9F< >AF< L@9L L@= GL@=J DAEAL AK JE=< OAL@ @AK <9L9 (=NAF J=HGJLK LG L@= IM9I
L@IL JOAL@ ;GF>A<=F;= L@= N9JAIF;C>BIEDMES> :==J AK :=LO==F 9F< ~*

1911&6=

4@9L <G=K L@AK ;GF>A<=E=F9FQ09&QF L@= =P9EHD= O= <A< EGIBBMF< L@IL |OAL@
‘GF>A<=F;=Z" 4@9L =P9;LDQ <G=K |OAL@ :GF>A<=F;=" E=9F 1@= =9KA=KL 09Q LG MF<=JKL
L@AFC 9:GML L@= 9KKMEHLAGF L@9L FF @9< E9<= L@9L K@= @9< 9 KIEHD= OAL@ 9 RK;G
LOADK G> L@= KOEHDAF? <AKLJA:MLAGF #G@=I0HKMEAODEOL @=J KOEHD= @9< 9 R K;GJ= =
X L@9L AL O9K AF L@= EA<<D= H=J ;=FL G> R K;GJ=K %=J 9KKMEHLAGF AK LIM= G>L@

G>RK;GJ=K 9J=:=LO==F X &> FF <A< L@AK K9E==KLAE9L= AF;:DM<AF? <J9OAF? 9 F=0 K9
9F< GN=AF G> L@GK= J=H=LALAGFK L@= HGHMD9LAGF HIJGHGJLAGF OGMD< := OAL@AF |

G> L@= K9EHD=K L@= R K;GJ= OGMD< :=:=LO==F X &F G>L@= J=H=LALAGFK @=J =KL
JA?@L



Chapter 4. Hypothesis Testing

%QHGL@=KAK L=KLAF? AK L@= GL@=J OA<=DQ MK=< >GJE G> AP=3JEELAGE KIKI AKIIAK &L
=;9MK= QGM KL9JL 9 @QHGL@=KAK L=KL OAL@ KGE= A<=9 G> O@9L L@= HGHMDY9LAGF Ak
A> L@= K9EHD= KMHHGJLK QGMJ A<=9 1@GM?@ L@= E9L@=E9LA;K G> @QHGL@=KAK L=K
E9L@=E9LA;K MK=< AF AFL=JN9D =KLAESLAGF L@= AF>=J=F;= =AEFERE AKLMNBILASK>QGM
9J= 9FKO=JAF? L@= IM=KLAGF ]4@9L AK L@=HGHMD9LAGF DAC="4@AD= AF @QHGL@=KAK
L@= IM=KLAGF ]&K L@= HGHMD9LAGF DAC=L@AK GJ FGL *

5E<;@5278K =KK=FLA9DDQ 9F A<=9 9:GML L@= HGHMDI9LAGF L@9L QGM L@AFC EA?@L ::
;9FFGL HIGN= LG = LIM= 4@AD= QGM MKM9DDQ @9N= ?GG< J=9KGFK LG L@AFC AL AK LJ
L@9L AL AK LIM= QGM F==<LG K@GO L@I9L L@= K9EHD= <9L9 KMHHGJL QGMJ A<=9 %QHGL(
>AF< GML AF 9 >GJE9D ESFK@3 KOEHD= KMHHGJLK QGMJ A<=9 9:GML L@= HGHMDIOLAGF =;9\
<J9OF >JGE 9FQ HGHMDILABHWRFXF=N=J := HGKALAN= G> QGMJ >AF<AF? :ML :Q >GDDGOAF
9;;=HL=< @QHGL@=KAK L=KLAF? HJG;=<MJ=K QGM ;9F DAEAL L@= MF;=JL9AFLQ G> QGMJ J=}

K QGM OADD D=9JF AF L@BK NaFR#H<HIG ;@ GGK= :=LO==F LOG KL9L=E=FLK 9:GML L@=HGHMD
LOG KLI9L=E=FLK 9J= L@= @QHGL@=K=K 1@= >ASBLEH@OE8R |IRA;9DDQ- HGHMDILAGF
AK DAC=L@AK " &L KL9L=K AF >GJE9D L=JEK L@9L L@FHFCGH@ADFLMEAAK E@=<K=;GF< CFG(
9K L@B@2>:.@6B2 5E<;@%Kgq2@= HGHMDILAGF AK DAC= KGE=L@AF? =DK=" &L KLIL=K L@9L
<A>=J=FL L@9F L@= MKM9D L@9L KGE=L@AF? @9K @9HH=F=< LG L@AK HGHMBIERGF 9F< ¢
E=9F GJ <A=FL K@9H= L@9F L@= MKM9D ;9K= =LO==F L@= LOG @QHGL@=K=K 9DD H(
;GN=J=< /=E=E:=J L@9L QGM 9J= E9CAF? 9F AF>=J=F;= 9:GML 9 HGHMD9LAGF >JGE 9 K9EHD:
AF>=J=F;= AF EAF< QGM ;9F AF>GJEOSDDQ LJ9FKDI9L= L@= LOG @QHGL@=K=K AFLG ]& 9E 9L
K9EHD= ;9E= >JGE 9 HGHMDIOLAGF DAC= L@AK" 9F< 1& J=9DDQ <GM:L L@9L L@= K9EHD= ;9E
DAC= L@AK KG AL HJG:9:DQ ;9E= >JGE 9 HGHMDI9LAGF L@9L AK DAC= KGE=L@AF? =DK=" +
=FLAJ=DQ KMJ= =N=F 9>L=J QGM @9N= ;@GK=F L@= @QHGL@=KAK O@A;@ AK =KL 1@GN
9J= OJALL=F 9K L@GM?@ QGM OADD ;@GGK= OAL@ ;=JL9AFLQ :=LO==F L@= GF= L@9L AK
>9DK= L@= AF>GJE9D LJ9FKDILAGFK G> L@= @QHGL@=K=K OAL@ ]9DEGKL HGKALAN=" GJ
J=>D=;LAGF G> O@9L QGM 9;LM9DDQ >AF<

%QHGL@=KAK L=KLAF? @9K E9FQ 9HHDA;9LAGFK AF :MKAF=KK L@GM?@ >=0 E9F9?7=JK

O@I9L L@=Q 9J= <GAF? K QGM OADD K== @QHGL@=KAK L=KLAF? L@GM?@ <AK?MAK=< /
E9JC=LAF? 9F< GL@=J :MKAF=KK 9HHDA;9LAGFK *9FQ <=;AKAGFK 9J=E9<=:Q L@AFCAF? 9K L
AK :=AF? L=KL=< =N=F L@QGM?@ L@= E9F9?=J AK FGL 909J= G> AL )=9JFAF? L@= >GJE9D <
L=KLAF? OADD @=DH QGM E9C= :=LL=J <=;AKAGFK 9F< :=LL=J MF<=JKL9F< L@= <=;AKAGFK E¢

1@= F=PL K=;LAGF OADD ?AN=9F GN=JNA=0 G> L@= @QHGL@=KAK L=KLAF? E=L@G< :Q >GDI
<=,AKAGF E9C=J 9K @= MK=K @QHGL@=KAK L=KOANED L<@ALAEFMDER AFL=J9;LAN="P;=D L=EF
QGM OADD D=9JF @GO L@=J=KMDLK G> L@==P9EHD=K >JGE L@AK ;@9HL=J ;9F := 9<BMKL=<
1@= >AF9D K=;LAGF OADD =PL=F< L@= ;GF;=HL G> @QHGL@=KAK L=KLAF? LG ;9L=?GJA;9D <
A> LOG ;9L=7GJA;9D N9JA9:D=K 9J= AF<SHBFSEEIZ@®= J=KL G> L@= ;@9HL=J OADD HJ=K=FL
KH=;A>A; 9HHDA;9LAGFK G> @QHGL@=KAK L=KLK 9K =P9EHD=K G> L@= ?=F=J9D E=L@G<
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The strategy of hypothesis testing

2KMODID@=F QGM MK= @QHGL@=KAK L=KLAF? QGM @9N=9F A<=9 L@9L L@= OGJD< AK 9 D¢/
AK FGL =P9;LDQ 9K ;GFN=FLAGF9D OAK<GE K9QK AD@KF, (SBMGADEQHGL@=KAK L=KLAF? C
@GHAF? LG ;GF>AJE L@9L L@= OGJD< AK FGL KMJHJAKAF? L@9L AL AK DAC= ;GFN=FLAGF9
EAF< L@O9L AF =AL@=J ;9K= QGM 9J= 9KCAF? 1K+ >TEED@<A4KMID AK AL KMIHIJAKAF? "
L@= OGJID< AK MKM9DDQ FGL KMJHJAKAF? 9F< :=;9MK= AF KLOLAKLA;K QGM 9J=F=N=J H=J
K9EHD= L=DDK QGM 9:GML 9 HGHMD9LAGF QGM ;9FFGL K9Q L@9L QGMJ KOQEHD= AEHDA=K L
MFD=KK QGM 9J= 9DEGKL HGKALAN= L@9L AL <G=K 1@= <MDD MFKMJHJAKAF? MKM9D ;9K
9 LA= AL ?=LK 9 :A? D=9< 9L L@GM KIFRGLKIQ L@IL L@= OGID< AK KMJHJAKAF? L@9L L@=
MFMKM9D MFD=KK L@==NA<=F;= AK N=JQ KLIGF? 1@AK E=9FK L@9L O@=F QGM 9JJ9F?= QC
AL AF 9 E9FF=J L@9L E9SCAKMDKkASI L@= MFMKM9D KMJHJAKAF? OGJD< LG OAF KMHHGJL

1@= >AJKL KL=H AF L@= :9KA; E=L@G< G> @QHGL@=KAK L=KLAF? AK LG <=;A<= O@9L NOLC
HGHMDILAGF OGMD< L9C= A> L@= OGJD< 09K MFKMJHJAKAF? 0=;GF< <=A<= O@9L L@=
G> KGE= K9EHD= KLI9LAKLA; OGMD< DGGC DAC= A> L@= HGHMD9LAGF E=9KMJ= @9< L@9L
;GEHML= L@9L KLI9LAKLA; >JGE QGMJ K9EHD= 9F< K== A> AL ;GMD< =9KADQ @9N= ;GE=
<AKLJA:MLAGF G> L@9L KLI9LAKLA; A> L@= HGHMDIOLAGF O9K MFKMJHJAKAF? #GMJL@ <=
K9EHD= ;9E= >JGE AK KMJHJAKAF? :=9MK= QGMJ K9EHD= KL9LAKLA; ;GMD< FGL =9KADQ (
K9EHDAF? <AKLJA:MLAGF ?=F=J9L=< >JGE L@= MFKMJHJAKAF? HGHMD9LAGF

1@9L 9DD KGMF<K ;GEHDA;9L=< :ML AL AK J=9DMEMHIANOKAEHD>— OF< L@= E=9F GJ KGE
GL@=J KL9LAKLA; >JGE L@Q9RLKPEBBN=FLAGFID OAK<GE L@= FMDD @QHGL@=KAK L@9L L
9F< FGL KMJHJAKAF? L=DDK QGM L@9L QGMJ K9EHD= ;GE=K >JGE 9 ;=JL9AF HGHMDOILAG
@QHGL@=KAK OAL@ O@9L KLILAKLA;A9FK CFGO L=DDK QGM O@9L KOQEHDAF? <AKLJA:MLAG
>JGE A> L@= FMDD @QHGL@=KAK AK LIM= &> QGM 9J= 9DEGKL HGKALAN= L@9L L@= K9E
KO9EHDAF? <AKLJA:MLAGF L@= KO9EHD= KMHHGJLK L@= FMDD &> L@= K9EHD= KLO9LAKLA;
KO9EHDAF? <AKLJA:MLAGF ?=F=J9L=<:Q KGE= GL@=J HGHMDI9LAGF L@=K9EHD=KMHHGJLK L
L@9L L@= HGHMDIOLAGF AK |DAC= KGE=L@AF? =DK="

&E9?AF=L@I9L 1@9< OLGQCGN OGJCK AF L@= E9JC=LAF? <=H9JLE=FL G> -=<9D -MK@=JK 9 (
;DGL@=K >GJ :A;Q;D=JA<=JK -=<9D -MK@=JK @9K BMKL ;GEHD=L=<9 :A? 9<N=JLAKAF? ;9EH9A
9F< GML<GGJ E9?9RAF=K 9F<1@9< O9FLK LG CFGO A> L@=;9EH9A?F @9K J9AK=< L@= J=;G%
-MK@=JK :J9F< KG L@9L EGJ=L@9F H=J;=FL G>L@= HGL=FLA9D ;MKLGE=JK J=;G?FAR= AL
OGMD< := LG L9C= 9 KOEHD= G> HIGKH=;LAN= ;MKLGE=JK 9F< K== A>9L D=9KL H=J;=FL G>L
J=;G?FAR= L@= -=<9D -MK@=JK :J9F<O@E0-MN=1@= K9EHD= AK KE9DD 9F< BMKL :9J=DQ H=.
L@= K9EHD= J=;G?FAR=K -=<9D -MK@=JK =;9MK= L@=J= AK N9JA9F;= 9EGF? K9EHD=K KM;(
=9KADQ @9N=;GE=>JGE 9 HGHMDYOLAGF AF O@A;@ D=KK L@9F H=J ;=FL J=;G?FAR=L@=:J9
9;LM9DDQ @9< KDA?@LDQ D=KK L@9F H=J ;=FL J=;G?FALAGF L@= K9EHDAF? <AKLJA:MLA!
>=0 K9EHD=K OAL@ K9EHD= HIGHGJLAGFK 9 DALLD= 9:GN= H=J ;=FL =KH=;A9DDQ A> L@=
GJ<=J LG :=;GE>GIL9:D=L@IL EGI=L@9F H=J;=FL G>L@=HGHMDILAGF J=;G?FAR=K -=<9D
O9FL LG >AF<L@I9L 9 :AL EGJ=L@9F H=J;=FL G>L@= K9EHD=<G=K %GO EM;@ EGJ= <=H=F
L@= K9EHD= L@= N9JA9F;= OAL@AF L@= K9EHD= 9F< @GO EM;@ ;@9F;= @= O9FLK LG L9C:
L@IL L@= ;9EH9A?F <A< FGL OGJC O@=F AL 9;LM9DDQ <A<

)=L MK >GDDGO L@= >GJE9D @QHGL@=KAK L=KLAF? KLJ9L=?Q 9DGF? OAL@ 1@9< #AJKL (
L@= HGHMDIOLAGF @AK K9EHD= ;GMD< ;GE==JGH ATKEBG1®= >AJKL ;9K= AK L@= MFKMJH
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9K= L@=;9K= 0@=J= L@=J>AKFG AO==F L@= HGHMD9LAGF @AK K9EHD= ;9E= >JGE 9F< E
HGHMDILAGFK 1@AK AK L@= ;9K= O@=J= L@= 9< ;9EH9A?F <Ax-BEE;3=-9PDALEDF=IHAK
L@= FMDD @QHGL@=KAK 1@= K=;GF< ;9K= AK L@= KMJHJAKAF? ;9K= O@=F @AK K9EHD=;
L@IL Ak=<FeFL >JGE EGKL GL@=JK 1@AK AK O@=J=L@= 9<;9EH9A?F OGJC=< 9F< AL ?=F=J9L
@QHGL@=KAK 1@=<=K;JAHLAGFK G> L@=K=;9K=K 9J= OJALGFRAWDBD @I IHGEKAK AK MK
;9DD=<¢ 1@= 9DL=JFOLAN= @QHGL@=KAK AKGIDD#S FAQ@<IF< L@= -=<9D -MK@=JK E9QJC=LA
<=H9JLE=FL L@=FMDD @QHGL@=KAK OADD :=

G HIGHGJLAGF G> L@= HGHMDIYLAGF J=;G?FARAF? -=<9D -MK@=JK :J9F<
9F< L@=9DL=JF9LAN= OADD :=
9 HIGHGJLAGF G> L@= HGHMDYOLAGF J=;G?FARAF? -=<9D -MK@=JK :J9F<

+GLA;= L@9L 1@9< @9K KL9;C=< L@= <=;C 9?9AFKL L@= ;9EH9A?F @INAF? OGJC=< :Q HMLL/
HGHMDIOLAGF HIGHGJILAGF L@9L E=9FK L@9L L@= ;9EH9A?F O9K KM;;=KK>MD AF L@= 9DL=
FGLA;= L@Q9L :=LOg8F< 9 9DD HGKKA:D= N9DM=K G> L@= HGHMDOLAGF HIGHGJLAGF 9F
==F ;GN=J=<

0=;GF< 1@9< EMKL ;J=9L= 9 JMD= >GJ <=;A<AF? :=LO==F L@= LOG @QHGL@=K=K %= EMKL <=
LG ;GEHML= >JGE @AK K9EHD= 9F< O@9L K9EHDAF? <AKLJA:MLAGF L@9L KLI9LAKLA; OGMD
@QHGL@=KAKK LIM= %= 9DKG F==<K LG <ANA<= L@= HGKKA:D= N9DM=K?G89Ke09L KLIL/
A:A?A.8J9F?=K A> L@= FMDD AK KIM=SAKAGE JMD= OADD = L@9L A> @AK KO9EHD= KL9LAKL/
N9DM= GF=L@9L ;GMD< =9KARAII,;MIFAL@=F @AK K9EHD= ;GMD< =9KADQ @9N=;GE=>JGE ¢
DAC=L@9L O@A;@ <=8 AA:@AK KIEHDSLAKLA; @9K 9 N9DM= L@9L OGMDsAK MK M@Dn-RA>
L@= K9EHD= HJG:9:DQ ;GE=K >JGE 9 HGHMDI9LAGF DAC=L€@RAIA=K@RI=L@F @QHGL@=K=K ¢
L@= AF>=J=F;= 9J= 9:GML L@= GJA?AF9D HGHMDI9LAGF O@AD= L@= <=;AKAGF JMD= AK 9:G
DAFC :=LO==F L@= HGHMD9LAGF 9F< L@= K9EHD= AK L@= K9EHDAF? <AKLJA:MLAGF (FGOAF
G> 9 K9EHD= KLI9LAKLA; O@=F L@= GJA?AF9D HGHMDI9LAGF @9K 9 HIGHGJLAGF OAL@ 9 CF
1@9< LG <=;A<= O@9L 9J= MKM9D 9F< MFMKM9D N9DM=K >GJ L@= K9EHD= KL9LAKLA,;

1@= 9KA,; A<=9 :=@AF< L@= <=;AKAGF JMD= AK LG <=;A<= OAL@ L@= @=DH G> O@9L KL
KO9EHDAF? <AKLJA:MLAGFK @GO >9J >JGE L@= FMDD @QHGL@=KAK_ N9DM= >GJ L@= HC
9F = :=>GJ= QGM 9J= MF;GE>GJL9:D= <=;A<AF? L@9L L@= K9EHD= ;GE=K >JGE 9 HGHML
@QHGL@=KAR=< AF L@= FMDD 1@GM?@ L@= @QHGL@=K=K 9J= OJALL=F AF L=JEK G> <=K
HGHMDIOLAGF\E=9FK HJGHGJLAGFK GJ =N=F 9 <AKLJA:MLAGF G> N9DM=K\L@= <=;AKAGF JMI
L=JEK G> GF= G> L@= KL9F<9J<AR=< K9EHDAF? <AKLJA:MLAGFK\L@=L L@=FGJE9D R GJ 9F
O@GK= <AKLJA:MLAGFK 9J= AF L@= L9:D=K 9L L@= :9;C G> KL9LAKLA;K L=PL:GGCK &L AK L¢
AF L@=K=L9:D=K L@9L 9J= L@= DAFC :=LO==F L@= K9EHD= KL9LAKLA; 9F< L@= HGHMD9LAG
QGM D=9JF LG DGGC 9L @GO L@= K9EHD= KL9LAKLA; AK ;GEHML=< QGNISADO BHSL@SKARL
L=KLK 9J= KAEHDQ N9JASLAGFK GF 9 L@=E= &> QGM AFKAKL GF KAEHDQ LJQAF? LG E=EGJA
<A>=J=FL KL9LAKLA;K AK ;GEHML=< QGM OADD FGL K==L@9L 9DD G> L@= @QHGL@=KAK L=k
E9FF=J9F< QGM OADD @9N= LG D=93EEFEQ@%F?K JIL@=J L@9IF L@= N9JAILAGFK G> GF= L(

1@9< @9K L9C=F =FGM?@ KL9LAKLA;K LG CFGO L@9L L@= K9EHDAF? <AKLJA:MLAGF G>
FGJE9ODDQ <AKLJA:ML=< OAL@ 9 E=9F =IM9D LG L@= HGHMD9LAGF HIGHGJLAGF 9F< 9 Kl
<=H=F<K GF L@= HGHMDI9LAGF HIJGHGJLAGF 9F< L@= K9EHD= KAR= =;9MK= L@= <AK
HIJIGHGJLAGFK AK FGJE9DDQ <AKLJA:ML=< @= ;9F DGGC 9L L@= :GLLGE DAF= G> 9 L L9:D=
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G> 9DD K9EHD=K OADD @9N= 9 HIGHGJLAGF EGJ= L@9F KL9F<9J< <=NA9LAGFK 9:GN
@QHGL@=KAK AK LIM= 1@9< <=;A<=K L@9L @= AK OADDAF? LG L9C=9 H=J ;=FL ;@9F;=L@
L@=;9EH9A?F <A< FGL OGJC O@=F AL 9;LMEBDA< ¢4=5AGK,DBI<= L@IL L@= K9EHD= ;GE=K
>JGE 9 HGHMDIOLAGF OAL@ 9H3CHGILAGF L@9L @9K @=9J< G> -=<9D -MK@=IK A> L@-
HIGHGILAGF AKEGJ=L@9F  KL9F<9J< <=NA9LAGFK 9:GN=  >L=J<GAF? 9 DALLD=9JAL@E
D=9JF @GO LG <G D9L=J AF L@=;@9HL=J 1@9<>AF<K L@9IL @AK <=;AKAGF JMD= AK LG <=;A
=>=,LAN= A> L@= K9EHD= @9K ?BEAHGI@SF L@IL @IK @=9J< G>-=<9D -MK@=JK ,L@=J(
K9EHD= ;GMD< LGG =9KADQ @9N=;GE=>JGE 9 HGHMDI9LAGF OAL@ 9 HIGHGJLAGF =IM9D LG

(./82 (52 ;@@;9'6:2;3.
@ (/82 '5;C6:4 @52 #;>9.8
6?7@>6/A@6;:

.8<65.

13 6:36:6@E

1@=>AF9D KL=H AK LG ;GEHML= L@= K9EHD= KL9LAKLA; 9F< 9HHDQ L@= <=;AKAGF JMD= &> |
L@=MKM9D J9F?= L@= <9LEHNHHBGUD< AK HIG:9:DQ MFKMJHJAKAF? 9F< L@=;9EH9A?F <A:
9FQ <A=J=F;= &> L@= K9EHD= KL9LAKLA; AK GMLKA<= L@= MKM9DgJ2k?= Q@ID<AR K MAHHE}H
KMJHJAKAF? 9F< L@= ;9ERIA?F @GO E9FQ H=GHD= @9N= @=9J< G> -=<9D -MK@=JK 4@=F 1@
DGGCK 9L L@= K9EHD= <9L9 @=>AF<KL@9L G>L@= K9EHD= @9< @=9J< G> -=<9D -MK@:
O9K KM;;=KK>MD

786&.,-8+36;&6) *<&140* 8*78.2, +36 ,33)2*77 3+ ?8

1@=J= 9J= E9FQ=2=FL LQH=K G> @QHGL@=KAK L=KLK AF;DM<AF? E9FQ L@9L 9J= MK=< EC(
4;:1:2?7 ;3 36@ @AT@AK L=KL OADD := MK=< LG @=DH AFLJG<M;= @QHGL@=KAK L=KLAF? :=;9
ADDMKLJIOLAGF G> @GO L@= KLI9L=?Q G> @QHGL@=KAK L=KLAF? AK HML LG MK= FGL :-
#GDDGO L@AK =P9EHD= ;@F=NMDBIAF? GF E9L;@AF? L@= KL=HK <=K;JA:=< AF HJ=NAGMK K=
L@= KL=HK <=K;JA:=< AF L@AK K=;LAGF 1@=9JAL@E=LA; AK FGL L@9L AEHGJL9FL JA?@L FG

4 = OADD ?G :9;C@GHL=J O@=J= L@= 7@ =IMAHE=FL EOF¥EJIL 9EGKMF GDD=?=
;GDD=;L=< KGE= <9L9 GF L@= KAR=GIKE@EI@IK_ KHGJIL KG;CK /=,9DD L@9L K@= 9KC=<
:9KC=L:9DD 9F< NGDD=Q:9DD L=9E E9F9?=JK LG ;GDD=;L L@%:R=<9L9 K@GOF AF 1

IONA< L@= E9JC=LAF? E9F9?=J G> L@= ;GEHI9FQ L@9L HIG<M;=K L@=K= KG;R=1K@BL=< FF
@= AK HD9FFAF? LG K=F< GML KGE= K9EHD=K LG GBKAESQ@OL@BPIAF? "9KQ GMF;=
KG;CK OADD := EGJ= ;GE>GJL9:D= L@9F O=9JAF? GL@=J KG;CK %= F==<K LG AF;DM<= 9F 9KK
L@GK= H9;C9?7=K 9F< AK LIQAF? LG >AF< GML O@9L KAR=K LG AF;DM<= 1@= -JG<M;LAGF !=}
EAP G> KAR=K L@=Q ;MJJ=FLDQ HJG<M;= 9F< FF @9K ;GDD=;L=< 9 K9EHD= G> :9KC=L:9D
HD9Q=JK_ KG;C KAR=K=EMNAKG L=KL LG K== A> @AK K9EHD= KMHHGJLK L@= @QHGL@=KAI
KO9EHD=>JGE 9EGKMF ;GDD=?=HD9Q=JK @9K L@= K9E= <AKLJA:MLAGF G>AG;@KARERQK L@
HIG<M;AF? &F GL@=J OGJ<K AK L@= <AKRFAKIDAQEIR> KT KAR3IGAGC L@= <AKLJA:MLAGF
G> KAR=K FGO :=AF? HIG<M&DK==
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(/82 > 2=A2:0E;3'07 '6F2?
* ;> |[E .?72@/.88 .:1) ;882E/.88
%8.E2>7

'6F2| >2=A2:0E| &28.@6B22=A2:0E

#JGE L@= -JG<M;LAGF !=H9JLE=FL L@= ;MJJ=FL J=D9LAN= >J=IM=F;Q <AKLJA:MLAGF G> "9K
HJG<M;LAGF AK K@GODE AF 1

(./82 &28.@6B2
>2=A2:0E 67@>6/A@6;: ;3
.?E ;A:02',07? 6:
%>1A0@6;:

'6F2 | &28.@6B22=A2:0E

&> L@= OGJID< AK MFKMJIHIBBREIKL@DOD 0O=9J L@= KG;CK KAR=< AF L@= K9E= HIGHGJL,
IL@D=L=K KG OMNA<K @AK @QHGL@=K=K

G @92=JK HD9Q=JK_ KG;C KAR=K 9J= <AKLJA:ML=< BMKL DAC=;MJJ=FL HIG<M;LAGF
9 @92=JK HD9Q=JK_ KG;C KAR=K 9J= <AKI3ALD>< <A>

FF_K KOEHD= @9KQ 9HHDQAF? L@= J=DILAN= >J=IM=F;A=K AF L@= ;MJJ=FL HIGSM;LAGF EA
>AF< GML @GO E9FQ HD9Q=JK OGMD< := =PH=;L=< LG O=9JKSEKDKARK Ai=lx@+DQ
J=HJ=K=FL9LAN= G> L@= <AKLJA:MLAGF G> KAR=K AF ;MJJ=FL HIG<M;LAGF 1@AK OGMD< *
O@9L 9 K9EHD= >JGE L@= HGHMD9LAGF AF L@= FMDD @QHGL@=KAK OGMD< := DAC= &L C
L@I9L @9< 9 N=JQ ?GG< >AL OAL@ L@= <AKLJA:MLAGF G> KAR=K AF L@= HGHMD9LAGF ;MJJ:
DGGC DAC=

OL9LAKLA;A9FK CFGO L@= KO9EHDAF? <AKLJA:MLAGGEFO3=KLOEBKPAQEFIM=F,Q G> 9
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KO9EHD= OAL@ L@= 9;URBIBA1I>J=IM=F,@GJ 9 KOSEHD= OALA@=J=FL ;D9KK=K L@= KAR=K @=J-
L@AK KLILAKLA; AK <AKOANMLE< BAQ@O AK ;GEHML=<:Q L@=>GJEMD9

sample chi® = Z (0 —-E)*)/E

o@=J=
, G:K=JIN=<>J=IM=F;Q AF L@= K9EHD= AF L@AK ;D9KK
" =PH=;L=<>J=IM=F;Q AF L@= K9EHD= AF L@AK ;D9KK

1@= =PH=;L=< >J=IM=FAK >GMF< :Q EMDLAHDQAF? L@= J=D9LAN= >J=IM=F;Q G% L@AK ;D
@QHGL@=KAR=< HGHMDI9LAGF :Q L@= K9EHD= KAR= 1@AK ?AN=K QGM L@= FME:=J AF L@9
J=D9LAN= >J=IM=F;Q <AKLJA:MLAGF 9;JGKK L@= ;D9KK=K AF L@= K9EHD= =P9;LDQ E9L;@=K
HGHMDIY9LAGF

+GLA;= L@YIAK 9DO9QKIF< =IMIDK GFDQ A> L@= G:K=JN=< AK =IM9D LG L@= =PH=;L=< AF
)GGC 9L L@= =IMILAGF 9F< E9C= KMJ= L@9L QG KIDMEBGEODAL@ KIEHD=KBAL@ D9J
<A>=]=F:;=K :=LO==F L@= G:K=JN=< 9F< =PH=;L=< >J=IM=F;A=K

IONA<FGO F==<K LG ;GE= MH OAL@ 9 JMD= LG <=;A<= A> L@6XY 9a<NDELIK 9L L@= L9:D=
OF< K==K L@9L >GJ <> L@=J=9J= ;DIKK=K\L@=J= AK 9F =PH=;L=< >HG)T&F;GH) KAR=

G> K9EHD=K <J9OF >JGE 9 ?AN=F HGHMDIOLAGF OADIFGCRBEQ OADD @90= 9

%= <=;A<=K L@9L AL OGMD< FGL := 9DD L@9HMQHIKKAB28IHR <AKLIJA:MLAGF G> KG;C KAF
L@9F L@=9L@D=L=K O@G 9J= ;MJJ=FLDQ :MQAF? "9KQ GMF;= KAF;=9DD G> L@= HD9Q=JK
G>L@=;MJJ=FL ;MKLGE=JK 9J= E=F K9J=KMDL @= MK=K L@=KE9DD=J N9DM=G> >GJ
+GO I9NAEMKL ;GEHML= @AK IBEMBE9ILK :Q >AF<AF? L@= =PH=;L=< >J=IM=F;Q G> KAR=KC(
EMDLAHDQAF? L@= J=DILAN= >J=IM=F;Q G> KAR= AF L@=HGHMD9LAGF :=AF? HIG<M;=<:Q
?=LK" %= L@=F >AF<K," KIM9J=K L@9L 9F< <ANA<=K :Q =N=FLM9DDQ
?=LLAF? %= L@=F J=9DAR=K L@9L @= OADD @9N= LG <G L@= K9E= ;GEHMLILAGF >GJ L@
IMA;CDQ <=;A<=K L@9L 9 KHJ=9<K@==L OADD E9C= L@QHIPEM;@ =9KA=J K==

(/82 .B61l ? D028'522@

07 >2=A2:0E 6: %;<A8.@6;: &28.@6B2 D<20@21 2=A2:0E
'6F2 '.9<82 >2=A2:0E
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IONA<H=J>GJEK @AK L@AJ< KL=H ;GEHMLAF? @AK K9EHD= KL9LAKLA; MKAF? L@= KHJ=9<
@AK KO9EBD= O@A;@ AK O=DD AFLG L@= MFMKM9D J9F?= L@9L KL9JLK 9L  9;;GJ<AF? LC
JMD= I9N@IK >GMF< L@9L @AK K9EHD= <9L9 KMHHGJL L@= @QQHGL@=KAK L@9L L@= <A
G> L@B9Q=IK AK=IABL >JGE L@= <AKLJA:MLAGF G> KG;C KAR=K L@9L 9J= ;MJJ=FLDQ :=AF?
I9NA<K =EHDGQ=J AK ?GAF? LG E9JC=L "9KQ GMF;= KG;CK LGID@R=JIGBD#¥ ?GAF? LG @9N
LG K=F< GML H9;C9?=K G> KOEHD=K L@Q3H=BFLIAMOIGAKAR=K L@9F AL AK ;MJJ=FLDQ E9CAF*
GMF;= KG;CK 9J= KM;;=KK>MDDQ E9JC=L=< LG L@B»9Q58BD®= EAP G> KAR=K EQFM>9;LMJ=<
@9N=LG :=9DL=J=<

+GO J=NA=0 O@IL WM <GF= LG L=KL LG K== A> L@= <9L9 AF @AK KO9EHD= KMHHGJL L@= ¢
OGJD< AK MFKMJHJAKAF? 9fRA@IKI@DN= L@= K9E= <AKLJA:MLAGF G> KG;C KARAKKOK L@=E
;MJJI=FLDQ HIG<M;AF? >GJ GL@=J 9L@D=L=K 1@KIKKEFOOKLI ®NKA= A> @QAK ;COHBD=

=9KADQ @9N=;GE=>JGE L@= K9EHDAF? QAKIZHEMAEF @FLICAF? KIEHD=K >JGE L@= HGHML
G> KG;CK ;MJJ=FLDQ :=AF? HIG<M;=< OAF;=-0@XBVBEHDS9Q GML AF L@= L9AD G> L@9L K9E
<AKLJA:MLAGF @= BM<?=< L@9L @AK K9EHD= <9L9 KMHHGJL=< L@= GL@=3Q€HSL@=KA
:=LO==F L@@92=JK HD9Q=JK 9F< L@=9L@D=L=K O@G 9J= ;MJJ=FLDQ :MQAF? "9KQ GMF;= KG

#GJIJEODDINA<>AIKL OJGL= FMDD 9F< 9DL=JFI9LAN= @QQHGL@=K=K <=K;JA:AF? L@= HGHMD9L
>JGE AF LOG=2=FL ;9K=K 1@= >AJKL ;9K= AK L@= FMDD @QHGL @ +{%Q+J8 AXG}; KIGKCK> L
G> L@= K9E= KAR=K AF L@= K9E= HIGHGJLAGHAK NI LBELBQHLKEXM;AF? 1@= K=;GF< ;9K= AK
9DL=JFILAN= @QQHGL@=KAK L@HARIQMBKOXSEGAFL KAR=K >L=J @= 0JGL= @AK @QQHGL@:-
>GMF< L@9L L@=J= 09K 9 K9EHDAF? <AKLJA:MLAGF L@9L KLI9LAKLA;A9FK CF=0 9:GML L@9l
=LO==F L@=E 1@AK BKAEIFIA:MLAGF )GGCAF? 9L L@= >GJEMD3C>8R< GEHMBDERF? L@=
L9:D=K !19NA< <=;A<=< L@QIL IEKNHDA= ?J=9L=J L@9F OGMD< := MFMKM9D A> @AK FMDD (¢
O9K LIM= #AFEDDQEHML=< @AK K9EHD= KLILAKLA; 9FO>AMF< DERD&HNX9:GN= @AK ;ML

G> N9DM= 19N@AS< >GMF< L@9L L@= <9L9 AF @AK K9EHD= KMHHGJ L@@ @S3DLABREIAANIZAGR
G> L@D9Q=JK_ KG;C KAR=KAH <ASE L@= <AKLJA:MLAGF L@ RAKL@3JSHIBDIFQIFM>9;LMIAF?
;LAF? GF L@AK >AF<AF0BRDBAF;DM<=9]<Ak EAP G> KAR=K AF L@= K9EHD= H9;C9?7=K @= K
L=9EG9;@=K

"*78.2,43490&8.32 4634368.327

K QGM D=9JF=<@¥HL=J KOEHD= HIGHGJLAGFK ;9F := MK=< LG ;GEHML= 9 KLOLAKLA; L@9L ¢
KO9EHDAF? <AKLJA:MLAGF /=NA=OAF? L@= R KL9LAKLA; AK

(m)(1 — )

n

2= (p—m)/

o@=J=
L@=HIJGHGJILAGF G> L@= K9EHD= OAL@ 9 ;=JL9AF ;@9J9;L=JAKLA,

P L@=HIGHGJILAGF G>L@= HGHMDI9LAGF OAL@ L@9L ;@9J9;L=JAKLA,
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M L@= KLI9F<9J< <=NA9LAGF =JJGJ G> L@= HIJGHGJILAGF G> L@= HGHML
n

'@9J9;L=JAKLA;

K DGF? 9K L@= LOG L=;@FA;9D ;GFRP AGEKRE8 9J= @=D< L@=K= K9EHD= R KL9LAKLA;K
<AKLJA:ML=< FGJE9DDQ KG L@9L :Q MKAF? L@= :GLLGE DAF= G> L@= L L9:D= QGM ;9F >A|
K9EHD=K >JGE 9 HGHMDIOLAGF OAL@ 9 ?AN=F HGHND@HNGF RBGHRKINGIK OALIEAF <A>
JI9F?=K &> QGM DGGCIOLL@=R L9:D= QGM ;9F K==L@9L G>9DD K9EHD=K >JGE 9FQ HGHML
=LO==F X >GJ AFKL9F;=

&> QGM @9N= 9 K9EHD= L@9L QGM L@AFC AK >JGE 9 HGHMDIOLAGF ;GFRPOBFAFES-HILIAF HJ
OAL@ KGE=;@9J9;L=JAKLA; QGM ;9F L=KL LG K== A> L@=<9L9 AF QGMJ K9EHD= KMHHGJL O¢
KLI9L=?Q AK L@= K9E= 9K L@9L =PHD9AF=< =9JDA=J AF L@AK ;@9HL=J 9F< >GDDGO=< AF L@
9 OJAL=LOG @QHGL@=K=K : >AF< 9 K9EHD= KL9LAKLA,; 9F< KOEHDAF? <AKLJA:MLAGF L@9
<=;AKAGF JMD=>GJ ;@GGKAF? :=LO==F L@=LOG @QHGL@=K=K 9F< ; ;GEHML=QGMJ K9EHD
L@= @QQHGL@=KAK KMHHGJL=<:Q L@=<9L9

#GGL@ADD %GKA=JQ J=;=FLDQ J=;=AN=< 9F XKG;C&QADKI<FOAL@ =E:JGA<=J=< HIL;@
G> ;9JLGGF ;@9J9;L=JK #GGL@ADD <A< FGL @9N= L@= JA?@L E9;@AF=JQ LG K=0 GF L@:
9F< ;GFLJ9;L=< GML L@= K=OAF? 4@AD= L@= GJ<=J O9K >ADD=< 9F< #GGL@ADD E9<= 9 HJ!
;GFLJ9;LBIHIA;= K==E=< @A?@ 9F< #GGL@ADD @9< LG C==H HJ=KKMJ= GF L@= ;GFLJ9;LGJ
‘Q L@= <9L= 9?J==< MHGF #GGL@APT;$J9L@ @9IK =PHDGJI=< :MQAF? L@= E9;@AF=JQ F=;=

LG 9DDGO #GGL@ADD LG K=0 HIL;@=K GF KG;CK L@=EK=DN=K %= @9K <AK;GN=J=< L@09L .
L@=;@ADKIGEG;CK L@=Q E9C=9J= GJ<=J=< OAL@ HIL;@=K L@=E9;@AF=JQ OADD := 9 KGMF<
9KCK (=NAF LG >AF< GML A> EGJ=L@9F H=J ;=RIKG:CIKAB<FAF? KGD< OAL@ HIL;@=K

(=NAF ;9DDK L@= E9BGJ1IPARILAGFK >GJ L@ =—BEXN—I0F< ;@AD<B=BGL@=K AF<MKLJA=K
9F< FG GF=;9F 9FKO=J @AK IM=KLAGF (=NAF <=;A<=K AL EMKL := LAE=LG L9C=9 K9EHD=9F< L
L@9F H=J ;=FL G> ;@ADKEGEK 9J= <=;GJ9L=< OAL@ HIL,@=K %= ;9DDK L@= K9D=K E9F9?=J]
9F< K@= 9?J==K LG 9KC @=J KO9D=KH=GHD= LG DGGC 9L KLBIKGAKHDIPKLABF? @ B3 EH-Q
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Chapter 5. The t-Test
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7.140* 8*78 3*7 8-.7 7&140* (31* +631 & 43490&8.32 ;.8- 8-&8 1*&2

&E9?AF= L@9L QGM @9N= L9C=F 9DD G> L@= KIEHZ-KEAUGOILAGF >GIQCEAQE=-0
L@= E=9F >GMF< L@= L <AKLJA:MLAGF >GJ <> :Q ;GEHMLAF? 9 L K;GJ= >GJ =9;@ K9EHD=
J=D9LAN= >J=IM=F;Q <AKLJA:MIKAGBSF Q@M IO0=J= >AFAK@=< KGE=GF=:JGM?@L QGM 9FGL(
8 OGF<=JAF? A> L@9L F=0 K9EHD= ;9E= >JGE L@= GJA? ARSI HEMIMDBIKAGPGH1J KOEHDAF"
<AKLJA:MLAGK B3 L=KL A> L@= F=0 K9EHD= ;GE=K >JGE L@= GJA?AFODCHGHNDALL@E GJ F(
L=KL >AJKL @QHGL@=KAR=L@9L L@= F=0 K9EHD= ;GE=K >JGE | AQ@C.RAKFAHGH&BRAKGL
@9N= @QHGL@=KAR=< /NDMVE-9FIG> L@= GJA?AFID HGHMDI9LAGF LG MK= LG ;GEHML=9 |
F=0 K9EHD= &> L@=L >GJ L@= F=0 K9EHD= AK ;DGK= LG R=JG\A> L@= L K;GJ=>GJ L@= F=0
@9N=;GE= >JGE L@= EA<<D= G> L@= L <AKLJA:MLAGF QGM ?=F=J9L=<\QGMJ @QHGL@=KAI
;GE=K >JGE 9 HGHMDI9LAGF OAL@ L@= @QHGL@=KAR=< E=9F K==EK J=9KGF9:D= 9F< QGM ;
<9L9 KMHHGJL L@= F=0 K9EHD= ;GEAF? >JGE L@= GJA?AF9D HGHMDI9LAGF &> L@=L K;GJ=:
>9J 9:GN= GJ >9J :=DGO R=JG QGMJ @QHGL@=KAK L@9L L@AK F=0 K9EHD= ;GE=K >JGE L(
==EK MFDAC=DQ LG := LIM= >GJ >=0 K9EHD=K >JGE L@= GJA?AF9D HGHMD9LAGF OGMD«
R=JG &F L@IL ;9K= ;GF;DM<= L@9L L@= <9L9 KMHHGJL L@= A<=9 L@9L L@= F=0 K9EHD= ;C
HGHMDOLAGF

1@AK AK L@=:9KA; EEFL@G< G> MKAF? L@AK L L=KL %QHGL@=KAR=L@= E=9F G> L@= HGHN
EA?@L ;GE=>JGE 2KAF? L@9L E=9F ;GEHML= L@= L K;GJ=>GJ L@= K9EHD= &> L@= L K;GJ
;GF;DM<=L@9L QGMJ @QHGL@=KAK O9K HJG:9:DQ ;GJJI=;L 9F< L@9L QGM CFGO L@= E=9F G
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O@A;@ L@= K9EHD= ;9E= &> L@= L K;GJ= AK >9J >JGE R=JG ;GF;DM<=L@9L QGMJ @QHGL(
L@= K9EHD= ;GE=K >JGE 9 HGHMDIOLAGBPAIE2WFF<A>

,F;= QGM MF<=JKL9F< L@=:9KA;K L@= <=L9ADK ;9F := >ADD=< AF 1@= SEKOABR 62 @Fx®&;LAl
;3 @52 <;<A8.@6;: 92.: HL=KLAF? LG K== A> 9 K9EHD= ;GE=K >JGE 9 HGHMDI9LAGF OAL@ 9 ;=JI
9J=G> LOG LQH=K 1@=>AJKL LQH=;GF;=JFK @GO LG <G 9DD G> L@AK AF L@=>GJE9D D9F~I
K=;GF< LQH= G> <=L9AD AK @GO LG <=;A<= O@9L J9F?= G> L K;GJ=K AEHDA=K L@9L L@= F=
L@= GJA?AF9D HGHMDILAGF

6GM K@GMD< J=E=E:=J >JGE L@= D9KL ;@9HL=J L@9L L@= >GJE9D D9F?M9?= G> @QHG
J=IMAJ=K LOG @QHGL@=K=K 1@=>AJKL @QHGIB SKAKrIRR 7RIPDASDIDE)~<=FGl&<KLIL=K
L@IL L@=J= AKEGRKA>=LO==F L@= E=9F G> L@= HGHMDI9LAGF >JGE O@A;@ L@= K9EHD-
L@= @QHGL@=KAR=< E=9F 1@= K8{@Ex: AB6BR@SE<,@52H83L=<9GJ &L KL9L=K L@9L L@=
E=9F G> L@= HGHMDIY9LAGF >JGE O@A;@ L@= KSEBEF,. ;SIK MR<MQHGL@=KAR=< NODM= /¢
IM=KLAGF AK ]<G=K L@AK K9EHD= ;GE=>JGE 9 HGHMDILAGF OAIKAHEDX: EHAK QB MJ
@QHGL@=KAR=< N9DM= &> QGMJ IM=KLAGF AK ]<G=K L@AK K9EHD= ;GE= >JGE 9 HGHMD9L
L@9F KGE= N9DM=" L@=FGE4KM L@= @QHGL@=KAR=<N9DM=

1@=GL@=J <=L9AD AK <=;A<AF? @GO ];DGK= LG R=JG" L@=K9EHD=L K;GJ= Q9K LG :=:=>GJ=
FMDD @QHGL@=KAK AK HJG:9:DQ ;GJJ=;L %GO ;DGK= LG R=JG L@= K9EHD= L K;GJ= EMKL :=
L@QIL L@= <9L9 KMFHHBIHEF<K GF L@= <> 9F< @GO :A? 9 ;@9F;= QGM O9FL LG L9C=L@9L QGM
EAKLIC= &> QGM <=;A<=LG ;GF;DM<=L@9L L@= K9EHD= ;GE=K >JGE 9 HGHMDIOLAGF OAL@ L
GFDQ A> L@= K9EHD=NAIQNBEBK= LG R=JG L@=J= 9J= E9FQ KO9EHD=K 9;LM9DDQ >JGE L@=H
OADD @9N=L K;GJ=K L@9L OGMD< D=9< QGM LG :=DA=N=L@=Q ;GE=>JGE 9 HGHMD9LAGF O
OGMD< := =9KQ LG E9C= 9 EAKLI9C= 9F< ;GF;DM<= L@9L L@=K= K9EHD=K ;GE= >JGE 9FGL@-
L@= GL@=J @9F< A> QGM <=;A<= LG 9;;=HL L@= FMDD @QHGL@=KAK =N=F A> L@= K9EHD-
R=JG QGM OADD K=D<GE E9C=L@= EAKL9C= G> ;GF;DM<AF? L@9L 9 K9EHD= >JGE L@= GJA?
KGE= GL@=J HGHMD9LAGF :ML QGM OADD G>L=F E9C= 9FGL@=J EAKL9C=\;GF;DM<AF? L@9
HGHMDI9LAGFK 9J= >JGE L@= GJA?AF9D HGHMDIOLAGF 1@=J= 9J= FG @9J< JMD=K >GJ <=;As
KGJIL G>;@9F;= LG L9C= 0AF;= L@=J=AKIOFKE@= ;@9F;= G> EOCAF? L3+t d-AK+ 9C=K
L@= HIJGH=J 9EGMFL G> JAKC LG L9C= OADD <=H=F< GF L@= J=D9LAN= ;GKLK G> L@= LOG
AK FG >AJE :9KAK >GJ <GAF? KG E9FQ J=K=9J;@=JK MK=9 H=J ;=FL ;@9F;= G> L@= >AJKL K
<=>9MDL 1@= D=N=D G> ;@9F;= G> E9CAF? L@= >AJKL =J3&a AG BFKMIDB Q=& > 9DH@9
;@GK=F AK MKM9DDQ OJALL=F 9K 9 <=;AE9D >J9;LAGF \ L9CAF? 9 H=J;=FL ;@9F;= G> E9CAF?
OGMD< := KLILL Q8 =F AF <GM:L K=

&> QGMJ 9DL=JFILAN= @ QiEE2a=EAQSHN OADD ;GF;DM<=L@9L L@= <9AS KRENLHIEHREHD=

L K;GJ= AK =AL@=J O=DD :=DGO GJ O=DD 9:GN= R=JG 9F<@GEME=FLIdB-41ANALSADK G> L@:
L <AKLJA:MLAGF &> QGM OSFL QGMKADD KMHH@ULL@= L AK AF =AL@=J L@=DGO=KL G
@A?@=KL G> L@= <AKLJA:MLAGF &> QGHIR @2=JedANM AKADD ;GF;DM<= L@9L L@= <€
KMHHGHGFDQ A> L@= K9EHD= L K;GJ= AK O=DD 9:GN= R=JG GAFHI@A=A2D@L (FAMNI0AEADIJI
A> QGMJ 9DL=JFB2ARSHML L@= O@A&PE@= D=>L L9AD

1@=L9:D= ALK=D> ;9F := ;GF>MKAF? =N=F 9>L=J QGM CFGO @GO E9FQ <=?J==K G> >J==<GE Q!
O9FL LG KHDAIGCERMF=F L@= LOG L9ADK GJ FGL <<AF? LG L@=;GF>MKAGF FGL 9DD L L9:D
L@=K9E= )GGC 9L 9 LQHA;9D L L9:D= 9F< QGM OADD FGLA;=L@9L AL @9K L@J==H9JLK ;GDM
>J9;LAGFK JGO @=9<AF?K G> O@GD= FME:=JK 9F< 9 :G<Q G> FME:=JK ?=F=J9DDQ OAL@ NOI
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1@= ;GDMEF @=9<AF?K 9J)= PBIDR=6: @52 >645@ GF6KGE=LABCK@= JGO @=9<AF?K 9J=
D9:=DDEX:ML 9J= KGE=LAE=K DQ:€IR422? ;3 32219 1@=:G<Q AK MKM9DDQ D=>L MFD9:=DD=
AL K@GOK L@= L K:GJ= L@IL ?GIROMB-ERE> >J==<GE G> L@9IL :GDME@9R= 1GD=K
9J= K=L MH LG := MK=< >GJ 9 FME:=J=Gt KASLAKLA;9D L=KLK KG L@=Q 9J= HJ=K=FL=< AF 9 C
'GEHJGEAK= :=LO==F =9K= G> MK= AF 9 H9JLA;MD9J KALMILAGF 9F< MK9:ADALQ >GJ 9 OA<:
MKAF? L@= AFL=J9:LAN= L L9:D= 9DGF? OAL@ L@= L <AKLJA:MLAGF HIJGNA<=< AF #A?MJ=
MK= GL@=J KAEAD9J L9:D=K AF 9FQ L=PL:GGC 1@AK L=EHD9L= ;GFLIAFK LOG K@==LK &F Gl
L <AKLJA:MLAGF HDGL O@=J= QGM ;9F =FL=J QGMJ <> 9F< ;@GGK= QGMJ D=N=D AF L@= Q=D
9J=9 G> L@= MHH=J L9AD G> L@= <AKLJA:MLAGF OADDIS<FIKANSRM E9E AGDIB). @= F=PL
K@==L O@=J= QGM OADD @9N= 9;;=KK LG L@= ;GEHD=L= NGKAGE GB+@HHLPIBAD G> L
L <AKLJA:MLAGF =FL=GB=RER AFLG L@= Q=DDGO ;=DDK 1@= J=< K@9<=< 9J=9 GF L@= ?J¢
IMLGEILA; 9IBQ:9LAF? L@= 9KKG;A9L=< MHH=J L9AD G> L@= L <AKLJA:MLAGF

&F GJ<=J LG MK= L@= L9:D= LG L=KL LG K== A> |L@AK K9EHD= ;GE=K >JGE 9 HGHMD9LAGF
;@GGIKG9F< >AF< L@= FME:=J G> <=?J==K G> >J==<GE 1@= FME:=J G> <=?J==K G> >J==<C
AFNGDNAF? GF= K9EHD= E=9F AK KAEHDQ L@= KAR= G> L@=&9BHD—EHMEMK@ES K=>E9Q

FGL := L@AF L@=;GDMEF @=9<AF? 1@=;GDMEF @=9</ARBaK@G\L@= ;@9F;= QGM_DD
?=L9 L K;GI=2BIL@IF L@= GF=AFL@=:G<Q G>L@=L9:D= KKME=L@9L QGM @9< 9 KOQEHD=C
OF< ;@GK= 1@=J= 9J= FAF= <=?J==K G> >J==<GE KG ?G 9;JGKK L@= <> JGO LG L@=
KAF;= L@AK AK 9 LOG L9AD L=KL 9F< >AF< L@= L K;GJ= G> 1@AK E=9FK L@9L AF 9FQ K9
G> L K;GJ=K OAL@ K9EHD=K G> L=F <J90OF >JGE 9 FGJE9D HGHMDO9LAGF GFDQ H=J;=FL
OGMD< @9N= L K;GJ=K ?J=9L=J L@9F \9FQ L K;GJ= ?J=9L=J L@9F HJG:9:DQ G;;MJK :=;¢
K9EHD= AK >JGE KGE= GL@=J HGHMDI=AGETALDMRSIL @= L <AKLJA:MLAGFK 9J= KQEE=LJA
AK 9DKG LIM=L@9L GFDQ H=J;=FL G>L@= K9EHD=K G> L=F <J90OF >JGE 9 FGJE9D HGHMD9L
D=KK L@9F -MLLAF? L@= LOG L@2Ft®EL> L@= L K;GJ=K OADD @9N= 9F 9:KGDML= N9DN\
L@= 0G A> QGM ;@GGKRGM OADD HJG:9:DQ := MKAF? 9 L K;GJ=AF L@= ;GDMEF 1@=H
L@9L AKI9L L@=LGH G> EGKL L L9:D=K K@GOK O@9L AK ?GAF? GF )GGC 9L AL O@=F AF <GN

)91 GFQ9 ADDA9EK AK L@= HD9FL E9F9?¥ =6G19BD&3HH GEHOFQ "I O@A;@ E9C=K <=FL9D
>DGKK BBGFLG ,FL9JAG "l @9K 9 ?GG< KL9:D=0GJIC>GJ;= G> K=EA KCADD=< OGJC=JK O@G
9F< 9J= H9A< :Q HA=;=0GJC 1@= ;GEHI9FQ O9FLK LG E9C= KMJ= L@IL L@=K= OGJC=JK 9J= H(
DG;9D 9N=J9?= 09?= J=,=FL J=HGJL :Q L@= DG;9D @9E:=J G> GEE=J;= K@GOK 9F 9N=J97?
E9;@AF= GH=J9LGJK G#=J @GMP1GFQ9 EMKL <=;A<= A> 9 J9AK= AK F==<=< LG C==H @=J (
9:GN=L@=9N=J9?= 0@= L9C=K 9 K9EHD= G> OGJC=JK HMDDK L@=AJ OGJC J=HGJLK >AF<K
DIKL O==C 9F< <ANA<=K L@=AJ =9JFAF?K :Q L@= @GMJIK L@=Q OGJC=< LG >AF< 9N=J97= (
<9L9 9HH=9J 8ib%
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(/82 '9<82:;3 ;A>8E* 42 %.61.@
9<.:E

* ST2> * 42 1;88.>? 5A>

OEAL@

4 ADKGF

-=L=JKGF

'GF=K

$GI<GF
*, GQ
D9F<

)91 GFQ9 O9FLK LG L=KL LG K== A> L@= E=9F G> L@= 9N=J9?= @GMJIDQ =9JFAF?K G> @=J O
0@= O9FLK LG MK= 9 GF=L9AD L=KL :=;9MK= @4RUBH EEEGK:2=A8 @;%=]
@QHGL@=K=K 9J=

H,:p<$11.71 and H, : p > $11.71

K AK MKM9D AF L@AK CAF< G> KAEOBIMACB GHAF? L@IL L@= <Y IMMKBESIDIFLK LG =
;GF>A<=FL L@Q9L AL <G=K :=>GJ= K@= <=;A<=K @=J OGJC=JK 9J= =9JFAF? 9:GN= 9N=J9?= 09?:
K@= OADD ;GEHML= 9 L K;GJ= >GJ @=J KOEHB3 MKAF@=J L K;GJ= AK F=?9LAN= GJ ;DGK=LG |
K@= OADD ;GF;DM<= L@9L L@= <8LBBMAHEIE] L K;GI2-ABMRIAGKALAN= OADD K@g ?G OAL@
0@= <=;A<=K LEGAMK=;9MK= K@= AK MFOADDAF? LG L9C= EM;@ JAKC G> K9QAF? L@= OGJC=
9N=J97= 09?=K O@=F L@=Q J=9DDQ <G FGL =;9MK-8@&KOOEHB= @OKGGCAF? 9L L@= L9:D=
K@= K==K L@9L L@= <9L9 OADD@MBBACEJIK =9JF EGJ= L@9F 9N=J97= GFDQ A> L@= K9EHD:
?J=9L=J L@9F

#AF<AF? L@= K9EHD= E=9F 9F< KLIF<9J<A<=NASIAGF < )91  GFQ9 ;GEHML=K @=J
K9EHD= L K;GJ=

t=(z—p)/(s//n) = (10.83 — 11.71)/(.749//7) = 1.48

=,9MK= @=J KOEHD=L AK FGL ?J=9L=J L@9F AK AR 3I=B=;L=< AF<A;9LAFRGE@RIGRDM<=K
L@9L K@= OADD @9N= LG J9AK= L@= HA=;=J9L=K "l HI9QK AF GJ<=J LG := J=9DDQ KMJ= L@9l
9J= 9:GN=L@= DG;9D 9N=J9?= 097=

&>)9GFQ9 @9< KAEHDQ O9FL=< LG CFKOGBICEIK =9JF=< L@= K9E= 9K GL@=J OGJIC=JK AF L(
K@= OGMD< @9N= MK=<9 LOG L9AD L=KL &F L@9L ;9K= @=J @QQHGL@=K=K OGMD< @9N=:=

H,:p=$11.71 and H, : p # $11.71
2KAF%G )91 GFQ9 OGMD< KHDAL L@= :=LO==F L@= LOG L9ADK KAFFAXQ@<OKIEKMPHHGJIL

L K;GJ= AK =AL@=9B9F=?9LAN= B3 BB3 HGKALAN= %=J 9JAL@E=LA; AK L@= K9E= @=J K9EH
AK KLADD ‘ML K@= FGO OADD <=;A<= L@9IL L@SRDDANMMHEIIGMLKALE K@AK ;9K=
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)91 GFQ9 OADD 97?79AF J=B3fk ;GF;DM<= L@9L L@%< AQGJC=JK <G FGL =9JF L@= K9E= 9K GLC(
OGJC=JK AF L@=9J=9

2 &08*62&8* 83 (-337.2, &2 &04-&

*9FQ J=K=9J;@=JK FGO J=HGJL @GO MFMKM9D L@= K9EHD= L K;GJ= OGMD< := A> L@= FMDD
JIL@=J L@QIF ;@ GCBHIHRKIBBLAF? O@=L@=J L@= K9EHD= L K;GJ= AEHDA=K L@= <9L9 KMHHGJ
G>L@= @QHGL@=K=K :9KG4@ERE@HK=9J;@=J <G=K L@AK @= AK =KK=FLA9DDQ D=LLAF? L
J=HGJL <=;A<= @GO EM;@ JAKC LG L9C= G> E9CAF? O@A;@ CAF< G> EAKLO9C= 1@=J=9J==
L@AK &> QGM DGGC 9L 9 HGJILAGF G> 9FQ L=PL:GGC L L9:D= QGM OADD K== L@9L AL AK F(
HMJHGK= A> QGM O9FL=< LG := 9:D= LG >AF< GML O@9L H9JL G> 9 L <AKLJA:MLAGF O9K 9:¢
OGMD< F==<9 L9:D= L@9L DAKL=< E9FQ EGJ= L K;GJ=K O0AF;=L@= L <AKLJA:MLAGF N9JA=K 9l
OGMD< J=9DDQ F==< 9 O@GD= K=JA=K G> L L9:D=K GF=>Gl@s@H=JAANFIRDL =EHDIL-=
HIGNA<=< AF #A?MJ=  OADD =F9:D= QGM LG @9N=9 ;GEHD=L= HA;LMJ= G> L@=L L9:D= 9F<,

1@= GD< >9K@AGF=< 09Q G> E9CAF? L@= J=9<=J <=:A<= @GO EM;@ G> O@A:@ JAKC LG LS
GAF L@= :G<Q G> QGMJ J=HGJL :ML GFDQ ?AN= L@= K9EHD= L KGSIAME L@=EDAE L KEIE4
?MA<9F:= QGM DGGC 9L L@= MKM9D L L9:D= 9F<GABQUAD-AKEINIREL @K 9 L NODM= D=KK |
L@= GF= QGM :GEHML=< >GJ L@= K9EHD= 1@=F OJAL= 9 >GGLFGL= K9QAF? ]1@= <9L9 KM
@QHGL@=KAK 6GJ 9FQ

1@= EGJ= EG<=JF 09Q MK=K L@= ;9H9:ADALQ G> 9 ;GEHML=J LG KLGJ= DGLK G> <9L9 *9FQ k
H9;C9?7=K KLGJ= 9 K=L G> <=L9AD=< L L9:D=K 9F< O@=F 9 L K;GJ= AK ;GEHML=< L@= H9;C97?=
DGGC MH =P9;LDQ O@9L HIGHGJILAGF G> K9EHD=K OGMD< @INE@KGB=KBGIDNGMJI KOEHLC
19:D= K@GOK L@= ;GEHML=J GMLHBHQEGIIOID=E >IJGE 9 LQHA;9D KLILAKLA;9D H9;C9?= +
L@IL L@= HIG?J9E ?=LK L@= K9E= L KGEROL@LAABMKL ?G=K LG EGJ= <=;AE9D HD9;=K DKG
L@IL AL K@GOK KGE=L@AF?BIAZ+Q@NIDM= AK L@= HIGHGJLAGF G> L K;G33K@@PL 9J=L
L@= GF= BMKL ;GEHML=< )GGCAF? 9L L@= =P9EHD= L@= ;GEHML=< L KNAIMNMKA; AK 9F<L
1@AK E=9FK L@9L A> L@=J=9J= <> 9 DALLD=EGJ=L@9F H=J;=FL G> K9EHD=K OADD @9N:-
[=E=E:=J L@9L )91GFQ9 MK=<®F 9F< <=;A<=< L@9L L@= <9L9 KMHEG@~=NIDM= G>
E=9FK L@9Lc OGMD< := KMHHGJIL=< 8BFHRKQ@9F O0AF;=GFD9 @9< MB=< L@AK
: NO9DM= E=9FK K@= <G=K FGL >AF< KMHHGJL >GJ

(/82 $A@<A@ B( E<60.8
'@.@6?@60.8 ;38>
L( :E.l ?%3#829

%QHGL@=KAK L=KL *=9F

+MDD @QHGL@=KAK *=9F

DL=JFILAN= ?J=9L=J L@9K

GEHML=< L KL9LAKLA,

: N9DM=

1@= N9DM= 9HHJG9;@ AK :=,GEAF? L@= HJ=>=JJ=< 09Q LG HJ=K=FL J=K=9J;@ J=KMDLK
HJG>=KKAGF9D J=K=9J;@=JK *GKL G> L@= KL9LAKLA;9D J=K=9J;@ ;GF<M;L=< >GJ 9 :MKAF:



2863)9(836= 97.2*77 18&8.78.(7

<AJ=;LDQ >GJ <=;AKAGF E9CAF? GJ HJ=K=FL=< LG 9F 9M<A=F;= G> =P=;MLAN=K LG 9A< L@=E /
1@=K= 9M<A=F;=K OADD ?=F=J9DDQ FGL := AFL=J=KL=< AF <=;A<AF? >GJ L@=EK=DN=K O@A
KMHHGJL 4@=F QGM 9J= E9CAF? 9 HI=K=FLI9LAGF G> J=KMDLK LG QGMJ :GKK QGM OADD O9I
@QHGL@=KAK L@= =NA<=F, SKMEIQGI;R<EG :Q MKAF? =AL@=J LOGINBKEX@FRDL@= EGJ=
EG<=JF[ NODM= 9HHJGY9;@ :ML <=;A<AF? O@9L L@==NA<=F;= K9QK AK HJG:9:DQ QGMJ BG:

238-*6 8 8*78 )3 8-*7* 8;3 .2)*4*2)*28 7&140*7 (31* +631 43490&8.327 ;.8- 8-* 7&1*
1*&2
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Chapter 6. F-Test and One-Way ANOVA

F-distribution
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EAFMK GF= O@A;@ OADD 9DKG := HGKALAN= 1@AFCAF? 9:GML JILAGK\K-OMDXFRKEIBIE= ;9J:
L@9F # ;9F := IMAL= D8J&L AK =IMODDQ HGKKAUG-:=QIDGL?ERL@8F 9F< L@=F # OGMD<

= N=JQ ;DGK= LG R=JG 0AF;=# ?G=K >JGE R=26 [GAN=20Q@] G> L@= NO9DM=K 9JGMF< GF=
G:NAGMKDQ FGL KQEE=LJA; L@=J= AK9 DGF? L9AD LG L@=JA?@L 9F<9 KL==H <=K;=FL LG R

1@=J=9J= LOG MK=K G> L@= # <AKLOAIMD AGFAKAIKK=< AF L@AKRFAIKEIAK 9 N=JQ KAEHD-=
L=KL LG K== A>LOG K9EHD=K ;GE=>JGE HGHMDI9LAGFK OAL@ L@= K9E=N9JA9F;= 1@=K=;GF
G> N9JA9F;= +,3 O@A;@ MK=K L@= # <AKLJA:MLAGF LG L=KL LG K== A> L@J== GJ EGJ= K9E
HGHMDILAGFK OAL@ L@= K9E= E=9F

7.140* 8*78 3 8-*7* 8;3 7&140*7 (31* +631 43490&8.327 ;.8- 8-* 7&1* :&6.&2(*

=;9MK= L@= # <AKLJA:MLAGF AK ?=F=J9L=< :Q <J90AF? LOG K9EHD=K >JGE L@= K9E= FGJE
;9F := MK=< LG L=KL L@= @QHGL@=KAK L@9L LOG K9EHD=K ;GE= >JGE HGHMDI9LAGFK OA
6GM OGMD< @9N= LOG K9EHD=K GF8FR3>GFARG> KARSF< L@= K9EHD= N9JA9F;= >JGE =9;@

NAGMKDE L@= LOG N9JAI9F;=K 9J= N=JQ ;DGK= LG :=AF? =IM9D L@= LOG K9EHD=K ;GMDx< -
>JGE HGHMDI9LAGFK OAL@ =IM9D N9JA9F;=K =;9MK=L@=# KL9LAKLA; AKL@=JILAG G>LOG
L@=LOG K9EHD= N9JA9F;=K 9J= ;DGK= LG =IM9D L@=# K;GJ= AK ;DGK= LG GF= &> QGM ;GEH
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AL AK ;DGK= LG GF= QGM 9;;=HL QGMJ @QQHGL@=KAK L@9L L@= K9EHD=K ;GE= >JGE HGH
N9JA9F;=

1@AK AK L@= :9KA; E=L@G< G> L@= # L=KL %QHGL@=KAR= L@9L L@= K9EHD=K ;GE= >JGlI
K9E= N9JA9F;= GEHML=L@=# K;GJ=:Q >AF<AF? L@= JILAG G> L@= K9EHD= N9JA9F;=K &> L
LG GF= ;GF;DM<= L@9L QGMJ @QHGL@=KAK AK ;GJJ=;L 9F< L@9L L@= K9EHD=K <G ;GE= >
=IM9D N9JA9F;=K &> L@=# K;GJ= AK >9J >JGE GF= L@=F ;GF;DM<=L@9L L@= HGHIAPALAGFK |
N9JAI9F;=K

1@= :9KA; E=L@G< EMKL := >D=K@=< GML OAL@ KGE= <=L9ADK A> QGM 9J= ?GAF? LG MK= L
9J= LOG K=LK G> <=L9ADK >AJKL >GJEIDDQ OJALAF? @QHGL@=K=K 9F< K=;GF< MKAF? L
KG L@9L QGM ;9F L=DD A> QGMJ #K;GJ= AK ;DGK= LG GFOG BBGH@IRSBOI= F==<=< >C
:GEHD=L=F=KK 1@=>AJKL AK L@= FMDD @QHGL @=K&K EGRE EB8I&MKKAGKMSDDQ <=FGL=<
9K G 1@=K=;GF< AK L@9IL L@=3JAK 9 9Fx AL AK ;9DD=< L@= 9DL=JFILAN= 95J AK <=FGL=<

2KAF? L@=# L9:D=K LG <=;A<= @GO ;DGK= LG GF= AK ;DGK==FGM?@ LG 9;;=HL L@= FMDD @C¢
KL9LAKLA;A9FK OGMD< K9Q ]>9AD LG J=B=;L L@= ENEINIKTAR B ANBQIAMCAGF L9:D=K 9J= >9A
LIA,CE>GJ= MKAF? L@= L9:D=K L@=J=K=9J;@=J EMKL <=;A<= @GO EM;@ ;@9F;= @= GJ K@=
L@9L L@= FMDD OADD := J=B=;L=< O@=F AL AK J=9DDQ LIM= 1@= MKM9D ;@GA;= AK H=.
K9Q G[ a &> EGJ= GJD=KK ;@9F;= AK GIHE=<N9JA=< @GGK=Q%MI’G LG L@=#L9:D=K
#AJKL FGLA;= L@Q9L L@=J= 9J= 9 FME:=J G> # L9:D=K GF=>G3=35;E. G=K-DKI9BI<B=9KL

9 L9:D=>GJ =9;@@OCAL@ L@= # NODM=IGAEBGHA:QH= 9F< L@= N9DM=K >GJ L@= GL@=J AF .
LOH= 1@=J=9J=JGOK 9F< ;GDMEFK GF =9;@ # L9:D= 9F< :GL@ 9J= >GJ <=?J==K G> >J==<Gl
K=H9J9L= K9EHD=K 9J= L9C=F LG ;GEHML= 9F # K;GJ= 9F< L@= K9EHD=K <G FGL @9N= LG := L(
9J= LOG K=H9J9L= <=?J==K G> >J==<GE \ GF= >GJ =9;@ K9EHD= #GJ =9;@ K9EHD= L@= FME
G> >J==<GBAIGF= D=KK L@9F L@= KOEHD= KAR= $GAF? LG L@=L9:D= @GO <G Q&M <=;A<=
<=?J==K G> >J==<GE <@ @}@= JGO 9F< O@AGQ 98— ;GDMEF 4@AD= QGM ;GMD< HML =AL@=.
=AL@=J HD9;= QGM ;9F KON= QGMJK=D> 9 KL=H A> QGM H81:42% 8 K8EBPFCQAE@KIKD3IADQ
L@= P8J KOEHD&: @52 :A92>.@;9F< L@=F L@9L KRE#D<=L=JEAF=K L@= ;GDMEF 9F< L@= GL.
KOEHDK <> <=L=JEAF=K LQEISP-9KGF L@IL L@AK KIN=K QGM 9 KL=H AK L@9L L@= L9:D=k
N9DM=K G> # L@9GBEANE= JA?@L LO9AD O@=J=# L@= HA;LMJ=9L L@=LGH G> EGKL # L9:L
#AF<AF? L@= ;JALA;9D # N9DM= >GJ D=>L L9ADK J=IMAJ=K 9FGL@=J KL=H O@A;@ AK GMLDA
L=EHD9L= AF #A?MJ=  OAEHDQ ;@9F?= L@= FME=J9LGJ 9F< L@= <=FGEAFILGJ <=?J==K G>
GAF L@=JA?@L L9AD G> L@= # <AKLJA:MLAGF AF L@= Q=DDGO ;=DDK

8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 IA-6>./. 0;97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/
2/;1 2==:< 9:/8=/A=,- -+ 3&=>-=9;B,><38/<<<=+=3<=3-< :

#A?MJ= &FL=J9;LAN="BEBDOL= G> 9Pk [ K== HH=F<AP

#L9:D=K 9J= NAJLM9IDDQ 9D0O9QK HJAFL=< 9K GF=L9AD L9:D=K K@GOAF? L@= ;JALA;9D # N
JA?@L L9AD >JGE L@= J=KL G> L@= <AKLJA:MLAGF &F EGKL KL9LAKLA;9D 9HHDA;9LAGFK G:
JA?@L L9AD AK G> AFL=J=KL :=;9MK= EGKL 9HHDA;9LAGFK 9J= L=KLAF? LG K== A> L@= N9JA!
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AK ?J=9L=J L@9F L@= N9JA9F;= >JGE 9FGL@=J KGMJ;= KG L@= J=K=9J;@=J AK AFL=J=KL=< A
AK ?2J=9L=J L@9F GF= &F L@= L=KL G> =IM9D N9JA9F;=K L@= J=K=9J;@=J AK AFL=J=KL=< AF >
AKGB9</LG GF= KG L@9L =Al@#IK®@BIGJ 9 KEIDD # K;GJ= OGMD< D=9< L@= J=K=9J;@=J LG
L@IL L@= N9JA9F;=K 9J= FGL =IM9D =;9MK= L@= ;JALA;9D # NODM= L@9L K=H9J9L=K L@= |
G> L@= <AKLJA:MLAGF AK FGL HJAFL=< 9F< FGL KAEHDQ L@= F=?9LAN= G> L@= HJAFL=<
KAEHDQ <ANA<=20KZBKdD= N9JA9F;= :Q L@= KE9DD=J K9EHD= N9JA9F;= 9F< MK= L@= HJAI
== A> L@= IMGLA=RERAK@DTFIGF=*=:+AN=DQ JA??AF? L@= L=KL AFLG 9 GF= L9AD >GJE9L #GJ
G;;9KAGF9D AFKL9F;=K L@= D=>L L9AD ;JALA;9D N9DM= ;9F := ;GEHML=< >9AJDQ =9KADQ

1@= D=>L L9AD ;JALA;9DANBBRNI=E G> >J==<GE <> AK KAEHDQ L@= AFN=JK= G> L@= JA?@
;JALA;9D NODMB- A&3 )GGCAF? 9L 9F # L9:D= QGM OGMD< K== L@9L L@= #GIPDMF L@9L D=9
L@= JA?@L L9AD O@=F L@=<I=AK+# 1 G >AF< L@= # N9DM= L@GL D#*ME=®@= D=>L L9AD
OAL@ <> DGGCMH# &§J <> IANA<=GF=:Q >AF<AF?  1@9L E=9FK L@9L
H=J ;=FL G> L@= # <AKLJA:MLAGH ABJ=DGO L@=;JALA;9D N9DM= G> 9F< H=J;=FL AK 9:GN
JALA;9D N9DM= G>

-MLLAF? 9DD G> LOQAKQEP=RA®@GO LG ;GF<M;L L@= L=KL LG K== A> LOG K9EHD=K ;GE= >JGI
OAL@ L@= K9E= N9JA9F;= #AJKL ;GDD=;L LOG K9EHD=K 9F< ;GEHML= L@=K9BFHB= N9JA9F;= (
0=;,GF< OJAL= QGMJ @QQHGL@=K=KIAQ@&SGKF< L@= # K;GJ= >JGE QGMJ K9EHD=K <ANA<
D9J< :Q L@= KE9DD=J KG L@I9L # #GMJIL@ ?G LG L@= L9:D=IG >BiF< A= IL%3—,F8.A;9D
L9:D= #K;GJ=>GJ L@= HIGH=J <=?J==K 6>9F<8<GKEH9J= AL LG L@= K9EHD=K_ # K;GJ= &>
L@= KO9EHD=K_ #?AKID®IF L@= ;JAUADDKOEHD=K_ # AK FGL ];DGK= LGg&kez= BE-IMDILAGF
N9JA9F;=K 9J= FGL =IM9D AK L@= =KL @QHGL@=KAK &> L@= K9EHD=K_ #AKABtKKQ@IF L
HGHMDOYILAGF N9JA9F;=K 9J= =IM9D K@GMD< := 9;;=HL=<

<&140*

)AF 5A9F? 9 QGMF? :9F@€K EGN=< >JGE 09KCIOLGGF 09KCOIL;@FPAHAITGAFALG:9 O@=J=
K@= @9K J=;=FLDQ :==F HIGEGL=< 9F< E9<= L@= E9F9?=J G> ALQ 9FC 9 F=0DQ =KL9:D/
4 AFFAH=? OAL@ :J9F;@=K 9;JGKK L@= -J9AJA=K >L=J9 >=0 O==CK K@= @9K <AK;GN=J=<L
;GJJ=;L FME:=J G> L=DD=JK K==EK LG>AMBI=I<@9F AL O9K O@=F K@= 09K 9 :J9F; @ 9KKAKL9FL
AF 09KCILGGF 0GE= <9QK L@= DAF=K 9J= N=JQ DGF? :ML GF GL@=J <9QK L@= L=DD=JK
<G 0@= OGF<=JK A> L@= FME:=J G> ;MKLGE=JK 9L @=J F=0 :J9F;@ AK KAEHDQ EGJ= N9JA9:C
G> ;MKLGE=JK 9L L@=:J9F;@ O@=J= K@= MK=< LG OGJC =;9MK= L=DD=JK OGJC >GJ 9 O@G
EGJIFAF? GJ 9>L=JFGGF K@= ;GDD=;LK L@=>GDDGOAF? <9L9 GF L@= FME:=J G> LJ9FK9;LAC
@=J J9F;@ IF< L@=:J9F;@ O@=J= K@= MK=< LG OGJC

4 AFFAH=? J9F,@
09KCIOLGGF J9F;@
0@= @QHGL@=KAR=K
2

o 2

H, : 0%, # 0%
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0@= <=;A<=K LGIYK=0@= ;GEHML=K L@= KOQEHD= N9JA9F;=K 9F< >AF<K
52, = 1828.56
2 _
5% = 795.19
#GDDGOAF? L@= JMD= LGHMIAIASOAF L@= FMEGAU@IL K@= KIN=K 9 KL=H K@= >AF<K

F =52, /s% = 1828.56/795.19 = 2.30

8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 IA-6>./. 0;97 =23< ?/;<398 90 =2/ =/¢=-*8 ?3/@ 3= 98638/
21 2==:< 9:/8=/A=,- -+ 3&=>-=9;B,><38/<<<=+=3<=3-< :

#A?MJI= &FL=J9;LAN="REBIOL= >GJKIL [ K== HH=F<AP

2KAF? L@= AFL=J9;LAN= "P;=D L=EHD9L= AF #A?MJ= = 9F< J=E=EGJAFRLO-MKOME—
L@=L9:D= AK GF=L9AD 9F< L@= L=KL AK LOG L9AD K@= >AF<K L@9L L@= ;JALA;9D # >GJ
#;,9D;MD9L=< K;GJ= >JGE #A?MJ= AK D=KK L@9F L@=;JALA;9D K;GJ= K@= ;GF;DM<=K L@9L
LG GF=" 9F< L@9L L@= N9JA9F;= G> ;MKLGEFRKRE@=KaE= 9K AL O9K ABPA@HD@B<CADD
F==< LG DGGC >MIL@=J LG KSARP-HIG D>

Analysis of variance (ANOVA)

"-* 14368&2(* 3+ $

EGJ= AEHGJIL9FL MK= G> L@= # <AKLJA:MLAGF AK AF 9FODQRAF? N9JA9F;= LG K== A> L@
;GE= >JGE HGHMD9LAGFK OAL@ =IM9D E=9FK 1@AK AK 9F AEHGJL9FL KL9LAKLA;9D L=KL F
AK >J=IM=FLDQ MK=< :ML :=,9MK= AL AK 9 :JA<?= :=LO==F MFAN9JA9L= KL9LAKLA;K 9F< EMDL
= 9MK= L@= KLJ9L=?Q AL MK=KAMKKMBEE=<IABHOFQ EMDLAN9JAI9L= L=KLK 9F< HJG;=<MJ=K

2*& = $ 38-*7*8-6** 36 136* 7&140*7 &00 (31* +631 43490&8.327 ;.8- 8-* 7&1*
1*&2

1@AK K==EK OJGF? \ O= OADD L=KL 9 @QHGL@=KAK .8E414 B-96KOD) &L AK FGL OJGF?

‘ML J9L@=J 9 J=9DDQ ;D=N=J AFKA?@L L@9L KGE= KLILAKLA;A9F @9< Q=9JK 97G 1@AK A<-
LG >AF< GML 9:GMlI=A=K AF E=9FK \ AK L@= :9KAK >GJ EM;@ G> L@= EMDLAN9JA9L= KL9L
J=K=9J;@=JK LEBOA<=9K :=@AF< +98= MK=< O@=F O= DGGC >GJ J=DILAGFK@AHK :=LO==
EGJ=N9JA9:D=K L@=:A? J=9KGF O= MK= EMDLAN9JA9L= KLILAKLA;K

1=KLAF? LG K== A> L@J== GJ EGJ= K9EHD=K ;GE=>JGE HGHMDI9LAGFK OAL@ L@= K9E= E=9F
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EMDLAN9JA9L= =P=J;AK= &> L@= L@J== KOQEHD=K>SE—FJSEIE@A—FK G\PO=J= KMBIFALG <A>
LI=9LE=FLK O= Q3= EAN=DQ K==AF? A> L@=3=RK REAXD= J=KMDLK :=;9MK=FE>>0AJA=K
GJ LI=9LE=FLK\ AK L@=J= 9 J=DILAGFK@AH :=LO==F >9;LGJQ GJ LJ=9LE=FL 9F< L@= GML;GE

1@AFC 9:GML L@J== K9EHD=K AHE@HNE>==F ;GDD=;L=< 9F< >GJ KGE= ?GG< J=9KGF GL@:-
L@=AJ P N9DM= L@=Q ;9F := <ANA<=< AFLG G BN BIBEBK>BCE ?JGMH K9EHD= KGE=
>JGE ?JGMH K9EHD=  9F< KGE= >JGE ?JGMH K9EHD= &> L@= K9EHD=K O=J= ;GE:AF=<
;GEHML=4>.:1 92.: 9F< 9@;@.8 B.>6.:@dGMF< L@9L ?J9F< EEF ;6MD< 9DKG >AF< L@= E=9F
9F< K9EHDB.>6.:02 C6@569;@ G> L@= ?JGMHK @&M8DBIQD< L9C= L@= L@J== KO9EHD= E=9FK
>SAF< L@=6.:02 2@C22L@=E +,3 AK :9K=< GF 9F9DQRAF? O@=J= L@= LGL9D N9JA9F;= ;GE=|
&> QGM HA;C=AGE—= KGMJ;= G> ALK N9JA9F;= ALK <AKL9F;=>JGE L@= ?J9F< E=9F OGMDx< (@

@GO >9J AL AK >JGE L@= E=9F G> ALK K9EHD= 9F< @&E&>98 AKK-BGEHI@= ?J9F< E=9F
&> L@= L@J== K9EHD=K J=9DDQ <G ;GE= >JGE HGHMBBLAGPRKIOAIEKASI EGHKG> L@=
L@= <AKL9F;= :=LO==F L@= K9EHD= E=9F 9F< L@= ?J9F< E=9F OADD HJG:9:DQ := ?J=9L=J L(
:=LO==F L@S8F< ALK ?JGMH E=9F 4@=F L@=K= <AKL9F;=K 9J=?9L@=J=< LG?=L@=J 9F< LMJF==<
QGM ;9F K== L@9L A> L@= HGHMDILAGEEFAFK@FINIAIF;= :=LO==F L@= K9EHD= E=9FK AK
LG :=?2J=9L=J L@9F L@= N9JA9F;= OAL@AF L@= K9EHD=K

Q L@AK HGAFL AF L@=:GGC AL K@QGMD< FGL KMJHJAK= QGM LG D=9JF L@9L KLIOLAKLA;A9F
EGJ= K9EHD=K 9J= L9C=F >JGE 9 FGJE9D HGHMDIOLAGF 9F< L@= N9JA9F;= :=LO==F L@= K9EI
L@= N9JAI9F;= OAL@AF L@= K9EHD=K 9 K9EHDAF? <AKLJA:MLAGF >GJE=< :Q <GAF? L@9L Gl
9 CFGOF K@9H= &F L@AK ;9K= AL OADD := <AKLJA:MLE[Z DACO@EHRAR L@= FME:=J G>
KO9EHD=K FAK L@= KAR=GKAEMHD=K 9DLG?3088F;= :=LO==F AK >GMF< :Q

O@=)8AK L@= E=9F G> K@BHBAAK L@= ?J9F< E=9F

1@=FME=J9LGJ G> L@= N9JA9F;=:=LO==F AK L@= KME G> L@= KIM9J=K G> A& KSBKDEF;= :=LC
E=9F 9F< L@= ?J9F< E=9F &L AK KAEHDQ 9 KMEEAF? G> GF= G> L@GK= KGMJ;=K G> N9JAIF;
G:K=IN9LAGFK

1@= N9JA9F;= OAL@AF AK >GMF< :Q

IGM:D= KMEK F==< LG := @9F<D=< OAL@ ;9J= #AJKL GHi209RAFREGERQ@AME KA?F >AF< L@=
E=9F G> =9;@ K9EHD= 9F< L@= KME G> L@= KIM9J=K G> L@= <AKL9F;=K G> =9;@ P AF L@= K9
0=;GF< GH=J9LAF? GRA@REKME KA?F 9<<LG?=L@=J L@= J=KMDLK >JGE =9;@ G> L@= K9EHL

1@= KLJ9L=?Q >GJ ;GF<M;LAF? 9 GF= 09Q 9F9DQKAK G> N9JAIH;=KBKHZH DEESI@LID=
N9JA9F;= :=LO==F L@= K9EHD=K L@= N9JA9F;= OAL@AF L@= K9EHD=K 9F< L@= JI9LAG G:


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000008A0000004A4C9C76F11.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000008A0000004A4C9C76F11.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000008600000045D30B1C221.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000008600000045D30B1C221.png
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QA=D<AF? L@=#K;GJ= &> L@=# K;GJ= AK D=KK L@9F GF= GJ FGL EM;@ ?J=9L=J L@9F GF=
L@= K9EHD=K AK FG ?J=9L=J L@9F L@= N9JA9F;= OAL@AF L@= K9EHD=K 9F< L@= K9EHD=
HGHMDILAGFK OAL@ L@= K9E= E=9F &> L@= #K;GJ= AK EM;@ ?J=9L=J L@9F GF= L@=I
HJG:9:DQ L@= KGMJ;= G> EGKL G> L@= N9JA9F;= AF L@= LGL9D K9EHD= 9F< L@= K9EHD=K
HGHMDIOLAGFK GAIl#I<BE=9FK

1@= <=L9ADK G> :GF<M:LAF? 9 GF= 09GDB,3FLG L@J== :9L=?GJA=K  OJALAF? @QHGL@-
C==HAF? L@= :9D:MDRIFBREGDF< MKAF? L@= #L9:D=K 1@= FMDD @QHGL@=KAK AK L
HGHMDILAGF E=9FK 9J= =IM9D 9F< L@= 9DL=JFILAN= AK L@9L FGL 9DD G> L@= E=9FK 9J= =II
LOG @QHGL@=K=K 9J= J=9DDQ F==<=< >GJ :GELMKIGINIEFGFDQ

H0:m1 = Mo — ... =My

==HAF? L@= ;9D;MDILFARIAK AEHGJILIFL O@=F QGM 9J= >AF<AF? L@= N9JA9F;= OAL@
L@IL L@= N9JAIF;= OAL@AF AK >GMF< :Q KIM9JAF? 9F< L@=F KMEEAF? L@= <AKL9F;=:=LO=
OF<L@2.:;36@7 ?.9<821@GM?@=<A=FL H=GHD= <G L@= ;9D;MBIERGEG AR L@= =KL 09Q

LG C==H AL 9DD KLJ9A?@L AK LG >AF< L@= K9EHD= E=9FK >AF< L@= KIM9J=< <AKL9F;=K AF -
L@=F 9<< L@GK= LGA=A®8DKG AEHGJLYFL LG C==H L@="?3RARBIIMNCE® -IAFID ;GEHMLAF
G>L@=#K;GJ= &> QGM J=E=E:=J L@IL L@= ?G9D AK LGKSER2AKAEBNILIASF,ALK =9KQ LG
J=E=E:=J LG <ANA<= N9JA9F;= :=LO==F :Q N9JA9F;= OAL@AF

2KAF? L@= # L9:D=K AK LGEIADALE=E:=J L@IL # L9:D=K 9J= GF=L9AD L9:D=K 98K 8@9L +,3
GF=L9AD L=KL 1@GM?@ L@=FMDD @QHGL@=KAK AK L@9L 9DD G> L@= E=9FK 9J==IM9D Q!

:Q K==AF? A> L@= N9JA9F;= :=LO==F AK D=KK L@9F GJ =IM9D LG L@= N9JA9F;= OAL@QAF 1@=
>J==<GEAK 87 O@=J=E AKL@=FME:=J G> KOBHAKK@ELGLID KAR=G>9DD L@= K9EHD=K L

<&140*

1@= QGMF? :9FC E9F9?=J AF "P9EHD= AK KLADD KLIJM??DAF? OAL@ >AP<@=2JL@F ;@KL 09Q
0@=CFGOK L@9L K@= F==<K LG @9N= EGJ= L=DD=JK GF #JA<9QK L@9F GF GL@=J <9QK :Ml
L@=F==<>GJ L=DD=JK AK ;GFKL9FL 9;JGKK L@=J=KL G>L@=0==C 0@=;GDD=;LK <9L9 >GJ L
=9;@ <9Q >GJ LOG EGFL@K @®=J=<919

*GF<90QK

1M=K<9QK

4 =<F=K<9QK

1@MJIK<9QK

0@=L=KLK L@= FMDD @QHGL@=KAK

Ho C My, = My, = My = Myp

9F< <=;A<=K LGBHIK= 0@= >AF<K

E
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LM

O

L@

IF< L@= ?J9F< E=9F
0@=;GEHML=K N9JA9F;= OAL@AF

7 Z Z Z 87 8

1@=F K@= ;GEHML=K N9JA9F;= :=LO==F

7 87 8

0@= ;GEHML=K @=J # K;GJ=

21 2==:< 9:/8=/A=,- -+ 3&=>-=9;B,><38/<<<=+=3<=3-< :

@ 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="REBIOL=>GJ ,F8@ +,3 [K== HH=F<AP

6GM ;9F =FL=J L@= FME:=J G> LJ9FK9;LAGFK =9;@ <9Q AF L@= Q=DDGO ;=DDK AG#A?MJ=

K QGM ;9F L@=F K== AF #A?MJ=  L@= ;9D;MD9L=< # N9DM= AK O@AD=L@=&]L9:D= # J/
9F< <> AK =,9MK= @=J # K;GJ= AREUI@9F L@= ;JALA;9D # N9DM= GJ 9DL=JFI9LAN=

L@=H N9DM= AK D=K&[L@ 8= ;GF;DM<=K L@9L L@= E=9F FME:=J G> LJ9FK9;LAGFK AK F

GF <A=J=FL <9QK G> L@= 0==C GJ 9L D=9KL L@=J= AKLESFFKSQEGRIGL @KIHH@= OADD O9FL

9<BMKL @=3AHBKG L@IL K@= @9K EGJ= L=DD=JK GF KGE=<9QK L@9F GF GL@=JK

Summary

1@=# <AKLJA:MLAGF AK L@= K9EHDAF? <AKLJA:MLAGF G> L@= J9LAG G> L@= N9JA9F;=K G> |
FGJEOD HGHMDIOLAGF &L AK MK=< <AJ=;LDQ LG L=KL LG K== A> LOG K9EHD=K ;GE= >JGE HG}
N9JA9F;= 1@GM?@ QGM OADD G;;9KAGFIDDQ K== AL MK=< LG L=KL =IM9DALQ G> N9JA9F;=K
AK AF 9F9DQKAK G> N9JA9F;=,3,3 9L D=9KL AF ALK KAEHD=KL >GJE 9K HJ=K=FL=AKAF L@AK


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000007B00000029DF83658A1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/100000000000007B00000029DF83658A1.png
https://opentextbc.ca/introductorybusinessstatistics/?p=103#pb-interactive-content
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MK=< LG L=KL LG K== A> L@J== GJ EGJ= K9EHD=K ;GE=>JGE HGHMDILAGFK OAL@ L@= K9E=
A> L@= N9JAIF;= G> L@= G:K=INILAGFK ;GE=K EGJ=>JGE L@= N9JAILAGF G> =9;@ G:K=JN9L
ALK K9EHD= GJ >JGE L@= N9JAILAGF G> L@= E=9FK G> L@= K9EHD=K >JGEKI@®+ GIBE=< E=9F
A> L@= K9EHD=K ;GE= >JGE HGHMDI9LAGFK OAL@ =IM9D E=9FK GJ FGL

+,3  @9K EGJ==D=7?9FL >GJEK L@9L 9HH=9J AF D9L=J ;@9HL=JK &L >GJEK L@= :9KAK >GJ.
9 KLOLAKLA;9D L=;@FAIM= L@9L @9K E9FQ :MKAF=KK 9HHDA;9LAGFK AL AK ;GN=J=< AF D9L:
9J= 9DKG MK=< AF L=KLAF? @QHGL@=K=K 9:GML J=?J=KKAGF J=KMDLK

1@AK AK 9DKG L@= :=?AFFAF? G> EMDLAN9JA9L= KLI9LAKLA;K +GLA;= L@99;@F L@= G
G:K=JNI9LAGF AK >GJ LOG N9JABIIA.D@9F< L@=?JGMH G> O@A;@ L@= G:K=JNILAGF AK 9 +
;@9HL=JK G:K=JNILAGFK OADD @9N=LOG L@J== GJ EGJ=N9JA9:D=K

1@= # L=KL >GJ =IM9DALQ G> N9JA9F;=K AK KGE=LAE=K MK=< :=>GJ= MKAF? L@= L L=KL >
=9MK= L@= L L=KL 9L D=9KL AF L@= >GJE HJ=K=FL=< AF L@QAK L=PL J=IMAJ=K L@9L LC(C
HGHMDILAGFK OAL@ =IM9D GRIAHHDEKKE= AL MK=< 9DGF? OAL@ L L=KLK O@=F L@= KL9C=K
J=K=9J;@=J AK 9 DALLD= ;GEHMDKAN=



Chapter 7. Some Non-Rarametric Tests

[=E=E:=J L@9IL QGM MK= KLILAKLA;K LG E9C= AF>=J=F;=K 9:GML HGHMDI9LAGFK >JGE K9E
L=;@FAIM=K KLOLAKLA;A9FK MK= J=IMAJ= L@9L LOG 9KKMEHLAGFK 9J= E=L #AJKL L@= HG}
;GE=K >JGE AK FGJE9D 0=;GF< O@=F=N=J E=9FK 9F< N9JA9F;=K O=J= ;GEHML=< L@= FMI
<9L9 9J6.>16:.8 GJ6:@2>B.BE=9FAF? L@9L L@= N9DM= ?AN=F 9F G:K=IJNOLAGF FGL GFDQ L=D
G:K=JNILAGF AKIMRIKEIDDAI @GO EM; @+£39GJ KE9ODD@JJ= 9J= E9FQ KALMILAGFK O@=F L@
9KKMEHLAGFK 9J= FGL E=L 9F< MKAF? L@= L=;@FAIM=K <=N=DGH=< KG >9J OADD FGL := 9HF
KLOLAKLA;A9FK @9N= <=N=DGH=< 9FGL@=J K=L G> KL9LAKLA;9D L=;@FAIM=K FGF H9J9E=
KALMILAGFK 1@J== G> L@=K= L=KLK OADD := =PHD3&FK-AKQ. @A RI@OEI=FF 4@ALF=Q
2L=KL O@A;@ L=KLK LG K== A> LOG AF<=H=F<=FLDQ ;@GK=F K9EHD=K ;GE= >JGE HGHMD:!
DG;9LAGF L@B;6PGF J9FC KME L=KL O@A;@ L=KLK LG K== A> LOG H9AJ=< K9EHD=K ;GE= >
OAL@ L@= K9E= DG;9LAGF 9F<KBBPCEEBJ=DILAGF O@A;@ L=KLK LG K== A> LOG N9JA9:D=K
1@=*9FF 4@ALF=Q 2 L=KL AK 9DKG HJ=K=FL=< AF 9F AFL=J9;LAN="P;=D L=EHD9L=

What does non-parametric mean?

1G 9 KLILAKLA;A9F 9 H9J9E=L=J AK 9 E=9KMJ9:D= ;@9J9;L=JAKLA; G> 9 HGHMDOILAGF
;@9J9;L=JAKLA;K L@9L MKM9DDQ AFL=J=KL KL9LAKLA;A9FK 9J= L@= DG;9LAGF 9F< L@= K@9I
9J= MK=< O@=F L@= H9J9E=L=JK G> L@= HGHMD9LAGF 9J= FGL E=9KMJ9:D= GJ <G FGL E=:
&F ;9K=K O@=F L@= <9L9 GFDQ GJ<=J L@= G:K=JNILAGFK KG L@9L L@= AFL=JN9D :=LO=:
MFCFGOF F=AL@=J 9 E=9F FGJ 9 N9JA9F;= ;9F := E=9FAF?>MDDQ ;GEHML=< &F KM;@ ;9K=K (
FGF H9J9E=LJA,; L=KLK =;9MK= QGMJ K9EHD= <G=K FGL @9N= ;9J<AF9D GJ AFL=JN9D <9L9
LG =KLAE9L= L@= E=9F GJ N9JA9F;= G> L@= HGHMDILAGF L@GM?@ QGM ;9F E9C= GL@=J A
<9L9 938J<AF9D L@= HGHMDI9LAGF EMKL := FGJEOD :=>GJ= L@= K@9H= G> L@= E9FQ K9EF}
9J= CFGOF #GJLMFSINAFA> L@= HGHMDI9LAGF AK FGL FGJE9D KM;@ K9EHDAF? <AKLJA:M
;DGK= LG L@= CFGOF K@SHIEBHDEY 9J= MK=< &F L@IL ;9K= MKAF? L@= MKM9D L=;@FAIM=K
%GO=N=8> L@= K9EHD=K 9J= KE9DD 9F< L@= HGHMD9LAGF AK FGL FGJE9D QGM @9N= LC
KLOLAKLAK K QGMIGBEE: AK FG KM;@ L@AF? 9K 9 >J== DMF;@" &> QGM O9FL LG E9C= 9F AF:
HGHMDIOLAGF OAL@GML @9NAF? ;9J<AF9D <9L9 GJ OAL@GML CFGOAF? L@9L L@= HGHMD9
KE9DD K9EHD=K QGM OADD @9N= LG ?AN= MH KGE=L@AF? &F ?=F=J9D FGF H9J9E=LJA; KL¢
L@9F H9J9E=LJA; KLOLAKLA;K =;9MK= QGM CFGO D=KK 9:GML L@= HGHMDY9LAGF QGM 9J=LJ
AF>=J=F;=K QGM E9C= 9J= D=KK =P9;L

4@=F =AL@=J L@= HGHMDY9LAGF AK FGL FGJE9D 9F< L@= K9EHD=K 9J= KEODEGIGJ O@
;9J<AF9D L@= K9E= FGF H9J9E=LJA; KLOLAKLA;K 9J= MK=< *GKL G> L@=K= L=KLK AFNGDN=
G> L@= K9EHD= 9F< EGKL AFNGDN= ;GEH9JAF? L@= J9FCAF? G> LOG GJ EGJ= K9EHD=K -
;GEHML= E=9FAF?>MD K9EHD= KLILAKLA;K LG ;GEH9J= LG 9 @QHGL@=KAR=< KL9F<9J< O==
K9EHD=K
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&F @9HL=J 11@= L3KL"* QGM D=9JF=< @GO LG L=KL LG K== A> LOG K9EHD=K ;9E= >JGE
OAL@ L@= K9E= E=9F :Q MKAF? L@= L L=KL &> QGMJ K9EHD=K 9J= KE9DD 9F< QGM 9J= FG|
HGHMDIY9LAGFK 9J= FGJE9D GJ A> QGMJ <9L9 <G FGL E=9KMJ= AFL=JN9DK QGM ;9FFGL MK=
K9EHD= L K;GJ=K OADD FGL >GDDGO L@= KOQEHDAF? <AKLJA:MLAGF AF L@= L*8IBEL1@GM?
<9L9 HIG:D=EK L@9L C==H QGM >JGE MKAF? L@= L L=KL L@= KGDMLAGF LG :GL@ HJG:D=E
H9J9E=LJA; *9FF 4@ALF=Q 2 L=KL 1@= :9KA; A<=9 :=@AF< L@= L=KL AK LG HMISE@E@®@SEHD=K
E=E:=JK G> L@= ;GE:AF=< K9EHD= 9F< L@=F K== A> L@= LOG K9EHD=K 9J= EAP=< LG?=L@-=
JOFCAF?

,F;= QGM @9N= 9 KAF?D= J9FC=< DAKL ;GFL9AFAF? L@= E=E:=JK G> :GL@ K9EHD=K QGM 9J:
9 *OFF 4@ALF=Q 2 L=KL 1@AK L=KL AK :9K=< GF 9 KAEHD= A<=9 &> L@=>AJKL H9JL G> L@=
D93-DQ E9<= MH G> E=E:=JK >JGE GF= K9EHD= 9F< L@=2BBRIHISH MK GSE=E:=JK >JGE L@=
GL@=J KOEHD= L@=F L@=LOG K9EHD=K 9J= HJG:9:DQ >JGEHGHHAROUREHK Q@ Q===
<A>=J=FL DG;9LAGIK ;% L=KL LG K== A> L@= E=E:=JK G> GF= K9EHD= 9J= DMEH=< LG?=L@
L@JGM?@ L@= J9FCK :Q 9<<AF? MH L@= J9FCK G> =9;@ G> L@= LOG ?JGMHK 9F< ;GEH9JAF
>..7 ?A9? 9J= 9:GML =IM9D L@= LOG ?JGMHK 9J= EAR={ @EFLBECK KMEK 9J= >9J >JGE =IM¢
=9;@ G> L@= K9EHD=K AK DMEH=< LG?=L@=J 9L L@= :=?AFFAF? GJ L@= =F< G> L@= GN=J9DL

4 ADDQ OGJCK >GJ 9F AEEA?JI9LAGF ;GFKMDLAF? ;GEHI9FQ AF ,LL909 L@9L @=DHK F=0 AEI
MF<=J L@= 9F9<A9F >=<=J9D 7?7GNK=8HEAAIIFL &FN=KLGJ -JG?J9E &&- &&- >9;ADALIL=I
AEEA?J9LAGF HJG;=KK >GJ L@GK= O@G ;@GGK= LG DAN= AF KE9DD ;ALABRQL &> KEENHFQ
9 F=0 GA;= AF 9 DG;9LAGF ;DGK= LG L@= HD9;=K O@=J= EGJ= HGL=FLA9D F=0;GE=J AFN=
LG K=LLD= <GOF LLJ9;LAN= KE9DD ;ALA=K D=KK L@9F HGHMDBSUAGTAIAM= BFSKKEA?

GHHGJILMFALA=K >GJ L@=K= F=0;GE=JK >L=J ;GFKMDLAF?AGAI® 19a}=-&BHIPD L@= F=C
J=?AGF9BAZ>>GJ L@= AEEA?JILAGF ;GFKMDLAF? K=JNA;=K OADD := EGN=< LG 9 KE9DD=J ;AL

=>GJ= @= KL9JLK DGGCAER? MAB=AF?K 9F< GL@=J E9BGADBRGEG3H<K LG <=;A<= A> EGJ= KE9L
;ALA=K >GJ O@A;@ L@= F=0O;GE=JK 9J= IMI9DA>A=< 9J= DG;9L=< AF L@= =9KL=JF GJ L@= O=
4 ADDQ >AF<K @AKOBDEGF=QK=FK= ;9 ;9F9<9K :=KL HD9;=K LG DAN=__ >MO@29@CBARLK
L@=:=KL ;ALA=K >GJ DANAF? AF 9F9<9 %= K=D=;LK L@= LGH L=F KE9DD ;ALA=K SIGE L@= DA
K@GOK L@= LGBF9<A9F KE9DD ;ALA=K 9DGF? OAL@ L@=AJ HGHMDI9LAGFK 9F< J9FCK
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(/82 ( i< ...16.:'9.88 6@62? .8;:4 C6@5 (526> %;<A8.@6;:? .:1 &.:7?
&C | 6@627 %;:<A8.@6;:?!:0.@6;:? | &.:7?
OL D:=JL 4 =KL
OLI9L@;GF9 GMFLQ 4 =KL
GM;@=JNADD= . "OKL
)9;GE:= 4 =KL
/AEGMKCA . "OKL
[=H=FLA?FQ "OKL
DOAFNADD= . "OKL
#J=<=JA,LGF + "OKL
OLJ9L>GI< + "OKL
MJGJ9 ,+ "OKL
+GJL@98;GMN=J !AKLJA;L *MFA;AHODALQ 4 =KL
+GJL@98;GMN=J ALQ 4 =KL
%9DLGF %ADDK ,+ "OKL
+=0E9JC=L ,+ "KL
[=<1==] 4 =KL
4 =KL 8F;GMN=J 4 =KL
JGKK9J< . "OKL
9EJGK= 4 =KL

1=F G> L@= LAH= AF L@= =9KL 9F< =A?@L 9J= AF L@= O=KL :ML L@=K= L=F J=HJ=K=FL GFD

E9JC=L &L DGGCK DAC=L@= =9KL=JF HD9;=K L=F< LG := @A?@=J AF L@=LGH L=F :ML AK L@

9<< MH L@= J9FCK L@= L=F =9KL=JF ;ALA=K @9N=J9FC KME G> O@AD=L@= O=KL=JF ;ALA:
‘ML L@=J= 9J= EGJ= =9KL=JF ;ALA=K 9F< =N=F A> L@=J= O=J-0GMDKIE2 WEFH3F =

<M= LG 9xAFL 9N=J97= AF L@= J9FCAF?K GJ AK AL BMKL <M= LG K9EHDAF?

1@= *9FF 4@ALF=Q 2 L=KL ;9F L=DD QGM A> L@= J9FC KME G> >GJ L@= O=KL=JF ;ALA=K Ak
L@9F OGMD< := =PH=;L=< A> L@= LOG ?JGMHK J=9DDQ O=J= 9:GML@@AKLBE=KIEHD=
@9HH=F=< LG := >JGE L@= K9E= ?JGMH 1@= ?=F=J9D >GJEMD9 >GJ ;GEHM)AFPGIL@@=*9FF 4(

>AJKL G> LOG ?JGMHK AK

U =ning + [nl(nl + 1)]/2 -1

o@=J=
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( L@=KMEG>L@=J9FCK G>?JGMH
8 L@=FME:=JG>E=E:=JK G>L@= K9EHD=>JGE ?JGMH
8 L@=FME:=JG>E=E:=JK G>L@= K9EHD=>JGE ?JGMH

1@AK >GJEMD9 K==EK KLJ9F?= 9L >AJKL :ML 9 DALLD= ;9J=>MD L@GM?@L OADD K@GO QGNM
L@AJ< G> L@= >GIEMBBL)9;LK L@= JOFC KME G> L@= ?JGMH >JGE L@= J=KL G> L@= >GJEM
>AJKL LOG L@AJI<K G> L@= >GJEMD9 1@= :A??=J L@= LGLID G> QGMJ LOG K9EHD=K 9F< L€
AK AF L@= >AJKL 2JGMH L@= :A??=J QGM DGMD=N=RIQL@AF? =DK= :=AF? =IM9D )GGCAF? ol
>AJKL LOG L@AJ<K G> L@= >GJEMD9 QGM ;9F K== L@9L L@-8GHBG ND@S KARAFGH.199=
LOG K9EHD=K 1@= >AJKL LOG L@AJI<K G> L@= >GJEMD9 <=H=F<K GF L@= @GO :A? L@= LG
AK <ANA<=< :=LO==F L@= LOG K9EHB-IGB> 2ALK@ZZI KG <G=K L@AK HIJL G> L@= >GJEMD9
>AJKL LOG L@AJ<K G> L@= >GJEMD9 AK L@= E9RABMEIREDIME-GS 2JGMBADD := 9L ALK
E9PAEME A> L@= E=E:=JK G> L@= >AJKL 2JGMH O=J= 9DD 9L L@= :GLLGE G> L@= J9FCAF?
K9EHD=K 1)@K;GJ= L@=F AK b@=Ef>=LO==F L@= 9;LM9D JIFC KME 9F< L@= E9PAEME HGKK
:A??=) E=9FK L@IL L@= E=E:=JK G> 2JGMH 9J= :MF;@=< EGJ= 9L L@= LGH G> L@= JOFCAF?
) E=9FK L@9L L@= E=E:=JK G>?2JGMH 9J= :MF;@=< F=9J L@= :GLLGE G> L@= JO9FCAF?K KG L
AK ;DGK= LG ALK E9PAEME ,:AGMBDBQIF = ;GEHML=< >GJ =AL@=J ?2JGMH KG L@=J= AK 9DO
9F<9 &) AKDRI) AKKEIDD=J>GJ B?AR<F :=;9MK= A> AK KEODD=AK [P&]

4@9L K@GMBBRBQ =PH=;L A> L@= :=KL ;ALA=K 9J= AF GF= J=?AGF JIL@=J L@9F :=AF? =N=FD(
L@=;GMFLJQ &> L@=:=KL ;ALA=K 9J= =N=FDQ <AKLJA:ML=< L@=F L@= =9KL=JF 2JGMH 9F< L(
@9NF K L@9L 9J= ;DGK= LEAE,@EIAL@=J 2JGMH OADDA®EMKIDGK= LG =AL@=J ALK EAFAEN
ALK EQPAEME &> GF= 2JGMH AK EGKLDQ 9L L@= LGH G> L@= DAKL L@>=H)L @8E;2J8MH OAD
( OADD := KE9DD 9F< L@= GL@=J ?2JGMH OADDH@PN=ALKZIID=I9) ) AK 9DO9IQK
=IM9D 1838 KG =AL@=J GF=;9F := MK=< LG L=KL L@= @QHGL@=KAK L@9L L@= LOG ?JGMHK
HGHMDILAGF 1@GM?@ L@=J= AK 9DO9QK 9 HIAJ G> 2 K;GJ=K >GJ 9FQ *9FF 4@ALF=Q 2 L=KL
GFDQ K@GO L@= KE9DD=J B¥CE@DBIBN L@= GL@=J L9:D=K QGM @9IN= MK=< L@AK GF= K(
KOEHDAF? <AKLJA:MLAGK®AC=

1@= K9EHDAF? <AKLJA:MLAGF 9F< L@AK L=KL O=J=>AJKL <=K;JA:=<:Q % *9FF 9F<!/ 4@A
4@AD= QGM @9N= LG ;GEHML=:GL@ 2 K;GJ=K QGM GFDQ MK= L@= KE9DD=J GF= LG L=KL 9/
=,9MK= L@= L9:D=K GFDQ K@GO L@= KE9DD=J 2 QGM F==< LG := ;9J=>MD O@=F ;GF<M;LA
=,9MK= QGM OADD 9;;=HL L@= 9DL=JFILANy @QNGI@ENIOARYGM) MIGEHRIE=< >GJ L@IL
KO9EHD= O@A¢@9QK AK >9JL@=J <GOF GWFIDAKEKBAF? LG K== A> GF= G> L@= K9EHD=K AK L
L@=JA?0QL G> LBEERE@41=KL LG K== A> L@= JI9FC KME G> R@SEHAZ@N-CAKORSIAIAOD
=FGM?@ LG 9;;=1&> QGM D=9JF LG L@QAFC L@JGM?@ L@AK >GJEMD9 QGM OADD FGL @9N-= 1
<=L9AD :=;9MK= QGM OADD := 9:D= LG >A?MJ= GML O@9L LG <G

)=L MK J=LMJF AGEBMHJIG:D=E %= F==<K LG L=KL LG K== A> L@= =KL ;ALA=K AFXA@&A& LG DG;
;GF;=FLJ9L=< AF GF=H9JL G> L@= ;GMFLJQ GJ FGL %=;9F 9LL9;C @AK HJG:D=E OAL@ 9 @QH(
*OFF 4@ALF=Q 2 L=KL %AK @QHGL@=K=K 9J=

G 1@= <AKLJA:MLAGFK G> =9KL=JF 9F< O=KL=JF ;ALQ J9FCAF?K 9EGF? L@= ]:=KL HD9;=K >GJ
L@= K9E=

*9FF %  4@ALF=Q!/  ,[F9L=KL G>O0@=L@=J GF=GJ LOG JIF<GE N9JA9:D=K AK KL EMRLR DOBTHREE 90
"4=2/7+=3-+6 '=+=3<=3-<
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9 1@= <AKLJA:MLAGFK=9FFKA>
[=E=E:=JAF? L@=>GJEMD9 >JGE 9:GN= @=>AF<K @AK LOG 2 N9DM=K
%=;9D;MDIL=K)L&GEJ L@= =9KL=JF ;ALA=K

10 x 11
UE:8><10++—92:43

9F<>GJ L@= O=KL=JF ;ALA=K

8 x 9
UW:8><10+%—79:37

1@= KE9DD=J G> @AK LOG 2)ksGI=K@KK AK CFGOF 9K 9 *9FF 4@ALF=Q L=KL KL9LAKLA; =;9

AKD2¥JL@9F @AK <=,AKAGF JMD=L=DDK @AE L@9L L@= <9L9 KMHHGJL L@= FMDD @Q
O=KL=JF ;ALA=K J9FC 9:GML L@ IK@EK= ;9D;MDILAGFK ;9F 9DKG := H=J>GJE=< OAL@AF L@=
"P;=D L=EHD9L= HIGNA<=< AF #A?MJ=

2/;] 2==:< 9:/8=/A=,- -+ 38>-=9;B,><38/<<<=+=3<=3-< :

@ 8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< /I8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/

#A?MJ= &FL=J9;LAN="BEBOOL= >GJ L@= *9FF 4@ALEKD[XE= HH=F<AP

1@AK L=EHD9L= @9K LOG OGJCK@==LK &F L@= >AJKL QGIQKMF=~-FAE-MK= L@= <JGH
<GOF DAKL L9: MF<=J ;GDMIEE398< K=D=;B6=/; 9F< L@=F ;@=;CE93CG 1@AK OADD >ADL=J 9DL
L@= <9L9 9F< K=D=;L GFDQ ;ALA=K DG;9L=< AF =9KL=JF 9F9<9 OAEHDQ ;GHQ LJD; L@=;J=9l
F=PL ;GDMEF&#85< +GO EGN= LG L@= F=PL OGJCK@==L F9E=< |*9FF 4@AIF90<2HOKL=

LIDN AFLG L&=;GDMEF /=H=9L L@=K= KL=HK LG ;J=9L= QGMJ <AIA=RIOB<KISKE= L@=E
AFLG L@¥4 ;GDMEF GF L@= *9FF 4@ALFQAICK@==L K QGM H9KL=L@=K=<9L9 L@= JIF
L@=K=;ALA=K OADD AFKL9FLDQ :=;J=9L=< AF L@= F=PL LOG ;GDMEFRG¥ 1 @D+ F SEAKG+H |

GJ 1@=9HHIGHJAI9L= >AF9D <=;AKAGF OADD 9MLGEQGWIFK=60BPG@= <=;AKAGF ;=DL

AF L@= L=EHDBIGADD FGL := J=B=;L=< 1@AK J=KMDL AF<A;9L=K L@9L O= 9JJAN= 9L L@= K9
9:GN= 4ADDQ <=;A<=K L@9L L@= F=0 J=?AGF9D AEEA?JSHMESPFGEACIMDIHOF =9KL=JF GJ
O=KL=JF ;AA0D=9KL :9K=< GF L@= :=KL HD9;=K >GJ F=0 AFN=KLGJK LG 9F9<9 1@= <=;AKAGF
G>A;= ;GKL 9F< 9NSADYAIMEY K;@=<MD=K =L;

Testing with matched pairs: the Wilco xon signed ranks test

IMJAF? QGMJ ;9J&€IM OADD G>L=F := AFL=J=KL=< AF >AF<AF? GML A> L@=3<9EELH&HMDIL
<A>=J=FL KALMILAGFK !G L@= K9E= OGJC=JK H=J>GJE :=LL=J 9>L=J 9 LI9AFAF? K=KKAGF
MK=< GF= G> QGMJ HIG<M;LK HJ=>=J L@= ]JF=0 AEHJGN=<" N=JKAGF J=L@= K9E= ;@9J9;L-
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LG <A=J=FL ?JGMHK 4@=F QGM 9J= ;GEH9JAF? L@= K9E= ?3GIAHRLARALMOLHNGFK QGM @9
JEOL;@=< H9AJK" #GJ =9;@ E=E:=J G> L@= HGHMDI9LAGF GJ K9EHD= QGM @9N= O@9L @9
<A>=J=FL K=LK G> ;GF<ALAGFK

1@=J= AK 9 FGF H9J9E=LJA; L=KL MKAF? E9L;@=< H9AJK L@9L 9DDGOK QGM LG K== A> L@= D(
AK <AJ=FL AF L@=3#t KALMILAGFK 1@AK REKGRPBRIKIN?E=< JOFCB MHEKI=IKLIF< L@= :9KAK
G>L@AK L=KL L@AFC 9:GML 9 ?2JGMH G> KM:B=;LK O@G 9J= L=KL=< MF<=J LOG K=LK G> ;GF<A
L@=L=KL K;GJ=MF<=J >JGE L@=L=KL K;GJ=MF<=J >GJ=9;@ KM:B=;L /9FC L@=KM:B=;LK :Q
G> L@9=2=F;= 9F< DGGC LG K== A> L@GK= 0@G K;GJ=< :=LL=J MF<=J 9J= EGKLDQ DMEH-=:
=F< G> QGMJ J9FCAF? &> EGKL G> L@= :A??=KI-FKGDMMEFKALG KM:B=;LK O@G K;GJ=< @A’
MF<=J GF= G> L@= K=LK G> ;GF<ALAGFK L@=F L@= KM:B=;H<JHFLDO@NH=DGI&AMF<=J

1@= <=L9ADK G> @GO LG H=J>GJE L@AK L=KL O=J= HACDBARGI=< :Q¥%3SBDMF< 9 E=L@GC<

LG >AF< GML A> L@= KM:B=;LK O@G K;GJ=< :=LL=J MF<=J GF= G> L@= K=LK G> ;GF<ALAGFK
GJ FGL %= 9DKG >GMF< L@= K9EHDAF? <AKLJA:MLAGF F==<=< LG L=KL @QHGIGMK=K :9K=<
4 AD;GP®R=KL ;GDD=;L 9 K9EHD= G> E9L;@=< H9AJK #GJ =9;@ KM:B-Fl- AAA<Q@GMASE=
:=LO==F L@= LOG K=LK G> ;GF<ALAGFK 9F< L@=F J9FC L@= KM:B=;LK 9;;GJ<AF? LG L@= 9!
<A>=J=F;=K +=PL 9<< LG?=L@=J L@= J9FCK G> LQGK=>QHNEEKSP3LIN-LCB2=L@=J L@= JI9FC
G> L@GK= OAL@ HGKAIANK<&> L@=K= JI9FC KMEK 9J= 9:GML L@= K9E= L@=F L@= KM:B-
:=LL=J MF<=J GF= K=L G> ;GF<ALAGFK 9J= EAP=< LG?=L@=J OAL@ L@GK= O@G <A< :=LL=J 1
;GF<ALAGFK 9F< L@=J=AKHFHG=<L&> L@= JO9FC KMEK 9J= >9J 9H9JL L@=FEX=®@=I=ILB~SKA>
L@=LOG K=LK G> ;GF<ALAGFK

=,9MK=L@=KME G> L@= J9FC KMEK AK 9DO9QK =IMID LG 7+ + 8 8 A>QGM CFGO L@=J9FC |
HGKALAN=K GJ L@= F=?9LAN=K QGM CFGOQ@AKGEFAB—L@E D €IGCM <G FGL J=9DDQ @9N= LG ;
L@= J9FC KMEK QGM ;9F KAEHDQ DGGC 9L L@= KE9DD=KL 9F< K== A> AL AK N=JQ KE9DD L!
F=?9LAN=<A=F;=K 9J= K=H9J9L=< GJ EAP=<I@?KOE@=DAF? <AKLJA:MLAGF G> L@= KE9DD=J J9
O@=F L@= HGHMDIOLAGFK L@= K9EHD=K ;GE= >JGE 9J= L@= KOBD{IHRGHV: BIKQSF G4 9
L9:D= K@QGOAF? L@AK KOEHDAF? <AKRIA=MLAGF AK AF 1

(./82 '9<86:4 67@>6/A@6;:

$:2 ( .68'64:6360.:02

(C; ( .68 '64:6360.:02

#A9/2> ;3 %.6>? #

4 AD;GPGF # &F<ANA<M9D ;GEH9JAKGFK :Q JOFCAF?IAUGR><K
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4 =F<Q 4SG<IMAK L@= HI=KA<=FL G> L@= OLM<=FL ;;GMFLAF? 0G;A=LQ 9L 1@GEHKGF /AN
1/2 AF (9EDGGHK 4 =F<Q J=;=FLDQ ;9E= 9;JGKK 9 KLM<Q :Q 9C=J 9F< *7$3:32bR
+<</<<381 =2/ >=363=B 90 +--9>8=381 <=>./8= -2+;MEHBAERK@=< 8 AF O@A;@ :GL@ 9;;GMFLA
>AJE H9JLF=JK 9F< KLM<=FLK O=J= 9KC=< LG K;GJ= L@= AEHGJLIF;= G> KLM<=FL ;@9J9;L=.
HJG:=KK KMEE9JQ G> L@=AJ >AF<&B2K AK AF 1

(.82 .@.;: 9<>@..02;3'@A12:@ @@>6/A@27
@@>6/A@2 "2.. '@A12:@ &.@6:4| "2.: 64 6>9 &.@6:4
%A?@ ;;GMFLAF? $-

%A?@ ,N=J9DD $-

GEEMFA;9LAGF 0CADDK

-=JKGF9D &FL=?JALQ

"F=?Q<JAN= =FL@MKA9KE

HH=9J9F;=

I9L9 KGMJ;= 9C=J 9F< *;$J=7GJ

4 =F<Q AK OGF<=JAF? A> L@= LOG ?JGMHK L@AFC L@= K9E= L@AF?K 9J= AEHGJL9FL &> L@
<A>=J=FL L@AF?K 9J= AEHGBK@FDADD F==< LG @9N= KGE= KG;A=LQ E==LAF?K <=NGL=< LG
L@= £A3=F;=K 4F<Q @9K J=9< GN=J L@= 9JLA;D= 9F< O@AD= K@= AK FGL =P9;LDQ KMJ=
*$J=?GJ K K;@=E= >GJ JILAF? L@= AEHGJL9F;= G> KLM<=FL 9LLJA:ML=K OGJCK K@= >==DK
HJG:9:DQ FGL <AKLJA:ML=< B&IHMDQ G K== A> L@= ?JGMHK J9L= @FHUDDQ:MABKO<@SN= LG
= FGF H9J9E=LJA; KAF;= L@= K;GJ=K 9J= FGL FGJE9DDQ <AKLJA:ML=< 9F< Lp=<@dHKHI}=K 9J=
L@=AD;GPGF KA?F=< J9FCK L=KL

%=J @QHGL@=K=K 9J=
¢ 1@=J= AK FG LIM3I=<R>= :=LO==F O@9L KLM<=FLK 9F< A? H9JLF=JK L@AFC AK AEHGJL9FL
9 1@=J= AK S=i=F;=
0@= <=;A<=K LG MK= 9 D=N=D G> KA?FA>APREX G=KL AK 9 LOG L9AD L=KL :=;9MK= K@= O9FLK
A> L@=K;GJ=K 9H=A> FGL A> L@= A? H9JLF=JK N9DM= L@=K= L GECKREI= L@ (D>
K@= >AF<K L@9L >GJ 9 LOG L9AD L=KL L@=KE9DD=J G> L@=LOG KMEK G> J9FCK EMKL :=L
9::=HL ¢
4 =F<Q >AF<K L@=J<k=K :=LO==F KLM<=FL 9F< A? K;GJ=K 9F< J9FCK L@=JgKEPML= <A

C==HAF? LJ9;C G> O@A;@ 9J= F=?9LAN= 9F< O@A;@ 9J= HGKALAN= 0@= L@=F KMEK L@= HC
L@=F=?9LAN=J9FCK %=J OGJC ARK@GOF AF 1
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(/82 (52* ;>7?522@ 3;> @5@30;D;: '64:21 &.:7? ( 2?@

@@>6/A@2 "2..'@A12.@ &.@6:4] "2.: 64 6>9 &.@6:4 63322:.02 | &.:7

%A?@ ;;GMFLAF? $-

%A?@ ,N=J9DD $-

GEEMFA;9LAGF 0CADDK

-=JKGFAD &FL=?JALQ

"F=J?Q<JAN= =FL@MKA9KE

HH=9J9F;=

KME G> HGKALAN= J9FCK

KME G> F=?9LAN= J9FCK

FME:=J G> H9AJK

%=J K9EHD= KLILARKA;@= KE9DD=J G> L@= LOG KMEK G>;ERAK &G @=J <=;AKAGF JMD=
LG 9;;=HLg AX K@= <=;A<=K L@IL L@= <9L9 EMBICL@=J= AKLEGKA>AF O@9L KLM<=FLK
9F< A? >AJEK L@AFC AK AEHGJL9FL LG DGGC >GJ O@=F @AJAF? KLM<=FLK 1@AK E9C=
OLLJA:ML=K L@9L KLM<=FLK K;GJ= 9K EGJ= AEHGJL9FL L@GKE;SRLBHERBKANDBRASL@= A"
K;GJ= 9K EGJ= AEHGJL9FL L@GK= OAL@-B=FHANE=<BEAP=<LG?=L@=J O@=F L@=9:KGDML=
G> L@=>A=F;=K 9J= J9FC=< +GLA;= L@9L MKAF? L@= JIBEAPKIGIL@=KA&IF L@= KAR="
L@= «A3=F;=K J=<M;=K L@= AEHGJILI9F;2=AQ)=-B98J=-LO==F L@= AEHGJL9F;= KLM<=FLK 9F<
H9JLF=JK HD9;= GF H=JKGFID K@ MLQF= G> L@= ;GKLK G> MKAF? FGF H9J9E=LJA; KLOL
OLM<=FL ;;GMFLAF? 0G;A=LQ 9L 1/2 <G=K FGL F==< LG @9N=9 E9BGJ HIG?J9E GF O@9L 9;;G
DGGC >GJ AF @AJAF? %EP<Q+IAFCK L@IL L@= <AK;J=HIF;Q AF L@= AEHGJL9F;= AF @A
H=JKGF9D AFL=?JALQ :Q A? >AJEK 9F< L@= KLM<=FLK E=9FK L@9L K@= F==<K LG K;@=<M
KM:B=;L 4F<Q OAK=DQ L=EH=JK @=J KL9LAKLA;9D >AF<AF? OAL@ KGE=;GEEGF K=FK=

6* 8-*7* 8;3 :&6.&'0*7 6*0&8*) 14*&61&2 >7 &2/ (366*0&8.32

J= K9D=K @A?@=J AF L@GK= ?=G?J9H@A; 9J=9K O@=J= EGJ= AK KH=FL GF 9<N=JLAKAF?
GF HJ=N=FLAN= E9QAFL=F9F;= J=<M;= <GOFLAE= J= HIG<M;LAGF OGJC=JK OAL@ EGJ= K=FAG
EGKL HGHMD9J BG:K DD G> L@=K=IM=KLAGFK 9KC @GO L@= LOG N9JA9:D=K EGN= MH 9F<
GF=?G=K MH <G=K L@= GL@=J 9DKG JAK= 4@=F GF=?G=K MH <G=K L@= GL@=J ?G <GOF !
@9N= FG=} GF L@= D=N=D G> L@= GL@=J OL9LAKLA;A9FK E=9KMJ= L@= 09Q LOG N9JA9:D
E=9KMJAF? L@= ;GJI=DI9LAGEFG==LO==F L@= LOG

GJJ=DILAGF OADD := <AK;MKK=< 9FSRE A®BI@ML AL OADD FGL @MJL LG @=9J 9:GML L@
=@AF< AL LOA;= 1@= :9KA; A<=9 AK LG E=9KMJ= @GO O=DD LOG N9JARBEHRQIBGBEAEG?=L
9L L@= OGJ< QGM ;9F K== L@9L AL E=9FK ;G J=D9L=< &> O@=F=N=J N9JA9:D= 5 ?G=K M
6 ;@9F?=K :Q 9 K=L 9EGMFL L@=F 5 9F< 6 9J= H=J>=;LDQ 9A<9 IKEELEI=Y;A9F OGMD< K9(
L@IL L@=Q 9J= H=J>=;LDQ ;GJJ=D9L=< *=9KMJIAF? ;GJJ=DILAGF MKM9DDQ J=IMAJ=K AFL=
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HGHMDILAGFK :ML 9 HJG;=<MJ= LG E=9KMJ= ;GJJ=DILAGF >JGE JIFC=< <9L9 @9K :==F <=
‘GJI=DILAGPEBASFLK JOF?= >JGE LG 1@= KA?F L=DDK QGM A> L@= LOG N9JA9:D=K EGI
<AJ=LAGF HGKALAN= :GJJ=DILAGF GJ AF GHHGKAL= <AJ=;LAGFK F=?9LAN= :GJJ=DILAGF
1@= 9:KGDML= N9DM= G> L@= ;GHAPSHAGENBK QGM @GO ;DGK=DQ LA=< LG?=L@=J L@= N
:GJI=DILAGP/EA=FL ;DGK=LG GJLG E=9FK L@=Q 9J= ;DGK=[QGA=DOGAEEIEE>FL

'DGK= LG E=9FK L@9L L@=Q 9J= FGL N=JQ :DGK=D@=_FRE&E HOISE@3A; OH=8JHIFC
:GJI=DILAGPEBA=FL AK K:9D=< KG L@9L AL >GDDGOK L@=K= K9E= ;GFN=FLAGFK

1@= LIM= >GJEMD9 >GJ ;GEHMLAF? L®3IIFGIGHIFDILAGHKA &L AK ;GEHD=P *GKL H=GHD-=
MKAF? J9FC ;GJJ=DILAGF ;GEHMISALRE (@ 9 ;GEHML=J HIG?J9E :ML DGGCAF? 9L L@==IM
@=DH QGM K== @GO OK=BHEY5JJ=DILAGF OGJCK &L AK

6 2
rs = 1—(m)(zd )

o@=J=
8 L@=FME:=J G> G:K=JNILAGFK
L@= <A=J=F;= :=LO==F L@= J9FCK >GJ 9F G:K=JNI9LAGF

==H AF EAF< L@9L O= O9FL L@AK FGF H9J9E=LJA; GNP AGRB9E=>>JGE LG KG L@9L
AL 9;LK DAC= L@= H9J9E=LJA; ;GIJFOARERGH®>DGGC 9L L@= =IMILAGF #GJ 9 ?AR=F K9EHD
L@= GFDQ L@AF? L@9L OADENAIQ-AKIEHD=K 9J= H=J>=;LDQ HGKALAN=DQ ;GJJ=D9L=< L(
G:K=JNILAGF OADD := J9FC=< >AJKL >GJ :GL@ N9JA9:D=K 9FGL@=J G:K=INILAGF J9FC=< K=(
=L; 1@9L E=9FK L@9L =85@r-RA>AF JO9FQADD = R=JG L@= FME=J9LGJ G> L@= >J9;LAGF 9L L(
L@= =IMILAGF OADD := R=JG 9F< L@9L >J9;LAGF OADD := R=JG OM:LJ9;LAF? R=JG >JGE GF=
G:K=JNILAGFK 9J= J9FC=< AF L@= K9E= GJ<=J :Q :GL@ N9JAKDEOK (O @3 BCEQIEDH S

AK  OAEADI) @= G:K=JNILAGFK 9J= J9FC=< AF =P9;LDQ L@= GHHGKAL= GJ<=J :Q L@= L(
OADD E9F(@P9JK 9F<c OADD :=9L ALK EOQPAEME 1@= J9FC ;GIIMBEAGK@ESMD< =IM9D

KG QGM O9FL LG KM:LJ9;L >JGE AF L@= =IMILAGF 1@= EA<<D= H98I8G> KEEHDNIOLAGF
K;9D=K cKG L@9L L@= O@GD= L=JE =BMRIBOK R8Jc. OADD ?JGOH9> L@= LOG N9JA9:D=K
HJIG<M;==P9;LDQ GHHGKAL=J9FCAF?K L 188~ KIBRDDABEGOPIKG L@8I8 OADD ?JGO
KE9DD=J

)G;9L=< AF 09KCIOL;@=09F /G:AF %GG< GEHIFQ HIGGBIEIK=AGMIALK IF=<AMPOC= 9F<
IMA;C:J=9< EAP=K &F GJ<=J LG AF;J=9K= ALK E9JC=L K@9J= LG L@= 2FAL=<0L9L=K L@=;GEF
AFLIG<M;AF? 9 F=0 HJG<M;L &FKLI9FL @==K= $JALK EAP @==K= ?JALK AK 9 <AK@ E9<=
;GE:AFAF? L@= ;GGC=< ?2JALK OAL@ ;@==K= 9F< =??K 9F<L@=F :9CAF? L@= EAPLMJ= &L AK
AF L@= 2FAL=< OL9L=K :ML :=;9MK= AL L9C=K 9 DGF? LAE= LG ;GGC AL AK FGL K=JN=< EN
IG:AF %GG< EAP OADD 9DDGO KGE=GF= LG HJ=H9J= ;@==K= ?JALK AF EAFML=K AF GFD(
L9KL=K JA?@L L@= HJG<M;L K@GMD< K=DD O=DD AF L@= KGML@=JF 2FAL=< OL9L=K 9DGF
E=JA;9 09F<Q ,0=FK AK L@= HJG<M;L E9F9?=J >GJ &FKLI9FL @==K= $JALK 9F< AK <=;A<AF?
;@==K=>DINGMJIAF? LG MK=J=NES @%=K= >DINGMJIAF?K @9N= :==F KM;;=KK>MDDQ L=KL=< £
9F< K9EHD=K E9<= OAL@ =9;@ G> L@GK= FAF= >DINGMJIAF?K @9N=:==F J9L=<:Q LOG ?JGM
>GG< =PH=JLK 9F<K=;GF< 9 ?JGMH G> HGL=FLA9D ;MKLGE=JK 1@=?JGMH G> =PH=JLK O9K°
<AK@=K G> |@GE=E9<=" ;@==K= ?JALK 9F< JOFC=< L@= K9EHD=K 9;;GJ<AF? LG @GO O=DD L(
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L@AF? 1@=;MKLGE=JK O=J=?AN=F L@= K9EHD=K 9F< 9KC=< LG J9FC L@=E 9;;GJ<AF? LG @G
DAC=1J=9D ;@==K= ?2JALK K@GMD< L9KL=" ,N=J LAE= /G:AF %GG< @9K >GMF< L@9L MKAF? =
G> A<=FLA>QAF? L@= >DINGMJIAF?K L@9L OADD E9C= 9 KM;;=KK>MD HJG<M;L ML L@=Q 9L
GHAFAGF 9?79AFKL 9 HO9F=D G> ;MKLGE=JK 09F<Q EMKL <=;A<= A> L@= =PH=JLK 9F< ;MKLGE
&> L@=Q <G L@=F K@= OADD MK=L@=>D9NGMJAF? J9L=< >AJKL :Q L@==PH=JLKA @= <9L¢
19:D=

(/82 .@.3>:;9( C:(.7@22?@7 ;3 52272

8.B;A>6:47
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4&0

09F<Q <=;A<=K LG MK= L@= 0 0 KL9LAKLA;9D KG>L0O9J= L@IL /G:AF %GG< @9K HMJ;@9K=< %:
G 1@=;GJI=DILAGF :=LO==F L@= =PH=JL 9F< ;GFKME=J J9FCAF?K AK R=JG GJ F=?9LAN=
9 1@=;GJI=DILAGF AK HGKALAN=
09F<Q OADD <=;A<= L@9L L@= =PH=JL HI9F=D <G=K CFGO :=KLAXQ %W+ @B+3-KNHHBHKALAN
;GJI=DIOLAGF :=LO==F L@= =PH=JLK 9F< L@= ;GFKME=JK 0@= ?G=K LG 9 L9:D= L@9L K@GC

OH=9JE9K J9FC ;GJJ=DILAGRA;&FHL OADD K=H9J9L= GF= L9AD >JGE L@= J=KL G> L@= K9EHD.
A> L@=J= AK FG 9KKG;A9LAGF AF L@= HGHMDI9LAGF 9HBELAGF AK K@QGOF AF 1
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2KAF? ?GAF? 9;JGKK L&= JGO AF 9:D=  09F<Q K==K L@9t A& LIM= GFDQ G> 9DD
K9EHD=K OADD @®N3-8 =J L@9F 09F<Q <=;A<=K L@9L A> @=J K9EHD= J9FC ;GJJ=DILAG
L@9F L@= <9L9 KMHHGJL L@= 9DL=JFILAN= 9F< >DINGMJAF? ( L@= GF=JI9FC=< @A?@
OADD := MK=< 0@= >AJKL ?G=K :9;C LG L@= LOG K=LK G> JIFCAB2K; S IAFAAB<KI Qkel-"MN=F
=9;@ >DINGMJ :Q L@= LOG ?JGMHK KIMSJFH =80 CH=< 9K L@=E LEKK@IOF 8ib%
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1@=F K@= MK=K L@=>GJEMD9 >JGE 9:GN= LG >AF< @=J OH=9JE9FAFETGII=DILAGF ;G=>
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1—[6/(9)(92 —1)][38] = 1 — .3166 = .6834

%=J K9EHD= ;GJI=DILABAGL>AK ?J=9L=J L@9F KG K@= <=;A<=K L@9L L@= =PH=JLK 9.
9F< <=;A<=K LG MK= >DINGMJIAF? ( "N=F L@GM?@ 09F<Q @9K GJI<AF9D <9L9 L@9IL GFDQ J¢
K@= ;9F KLADD H=J>GJE 9 N9DA< KL9LAKLA;9D L=KL LG K== A> L@==PH=JLK 9J= J=DA9:D= OL¢
E9F97?=J E9C= 9 <=;AKAGF

Summary

1@GM?@ L@=Q 9J= D=KK HJ=;AK= L@9F GL@=J KL9LAKLA;K FGF H9J9EEGMADAKDBLAKEA;K 9
QGMJIK=D> >9;=< OAL@ KE9DD K9EHD=K HGHMDI9LAGFK L@9L 9J= G:NAGMKDEFGGL FGJES
;9J<AF9D L L@GK= LAE=K QGM ;9F KLADD E9C= AF>=J=F;=K 9:GML HGHMD9LAGFK >JGE K9
HOJ9E=LJA; KLOLAKLA;K

+GF H9J9E=LJA; KLOLAKLA;9D E=L@G<K 9J= 9DKG MK=>MD :=;9MK= L@=Q ;9F G>L=F := MK=<{
GJ =N=F 9 ;9D;MD9@EI*9FF 4@ALF=Q 2 L=KL 9F< L@= L L=K>=GF|xaE><OEHD= E=9FK L=KL
L@= K9E= L@AH4 ;:6F MKM9DDQ H=J>GJE L@= 2 L=KL OAL@GML 9FQ ;GEHMLI9LAGF9D @=DH ¢
L L=KL OAL@GML 9L D=9KL 9 ?GG< ;9D;MD9LGJ ;9F L9C= 9 D@ G40, BPSRKBRBESIDQFC L=KL
9F< OH=9JE9K J9FC ;GJJ=DILAGF 9J= =9KQ LG ;GEHML= GF;= L@= <9L9 @9N=:==F ;9J=>MDDQ .
QGM K@GMD< HJG;==< LG L@= H9J9E=LJA; KLOLAKLA;K O@=F QGM @9N= 9;;=KKAE®9 ;GEHM
HAF;,@ QGM ;9F MK= FGF H9J9E=LJA; EFL@G<K >GJ 9 JIGM?@ =KLAE9L=

+GLA;= L@IL =9 &)t FGF H9J9E=LJA; L=KL @9K ALK GOF L9:D= 4@EBIQOWAEID GI-
QGMJ HGHMDYOLAGFK 9J= FGL FGJE9D L@= KO9EHDAF? <AKLJA:MLAGHKFG>1&B;@GHBEGAKLA; /
<AKLJA:MLAGFK L@=9F<@@d8FFGL := MK=<

+GF H9J9E=LJA; KLOLAKLA:K @9N= L@=AJ HD9;= 1@=Q <G FGL J=IMAJ= L@9L O= CFGO ¢
HGHMDILAGF GJL@9L L@= <9L9 E=9KMJ= 9K EM;@ 9:GML L@= G:K=JNILAGFK "N=F L@GM?
L@=Q 9J= G>L=F N=JQ MK=>MD



Chapter 8. Regression Basics

1=?J=KKAGF 9F9DQKAK DAC= EGKL EMDLAN9JA9L= KLILAKLA;K 9DDGOK QGM LG AF>=] L(
:=LO==F LOG GJ EGJ= N9JA9:D=K 1@=K= J=DILAGFK@AHK 9J= K=D<GE =P9;L :=,9MK= L@=J=
:Q E9FQ N9JA9:D=K FGL BMKL L@= N9JA9:D=K :=AF? KLM<A=<

&> QGM K9Q L@9L KLM<=FLK O@G KLM<Q EGJ= E9C= :=LL=] 2J9<=K QGM 9J= J=9DDQ @Q!
AK 9 HGKALAN= J=DILAGFK@AH :=LO==F GF= N9JA9:D= KLM<QAF? 9F< GRGIGREKNIDEF D=
:GEHD=L= QGMJ AF>=J=F:= 9F< L=KL QGMJ @QHGL@=KAK :Q ?9L@=JAF? 9 KOEHD= G> 9EGMF
>JGE KGE= KLM<=FLK 9F< MK= J=?J=KKAGF LG K== A> L@= J=DILAGFK@AH AF L@= K9EHD= 2
AF>=] L@9L L@=J= AK 9 J=DILAGFK@AH AF L@= HGHMDILAGF +GLA;= L@9L =N=F A> KLMx<
:=LL=J 2J9<=K L@= J=DILAGFK@AH AF L@= HGHMDILAGF OGMD< FGL := H=J>=;L L@= K9E= ¢
FGL J=KMDL AF L@= K9E= 2J9<=K >GJ =N=JQ KLM<=FL GJ >GJ GF= KLM<=FL =N=JQ LAE= 0GE
@9J<=J :GMJIK=K DAC=:@=EAKLJIQ GJ KLOLAKLA;K KGE= 9J=+4H0IN=DRGE=KIAEP=t DM;CQ
9F< >AF< L@IL L@= HIG>=KKGJ @9IK 9KC=< L@=E =P9;LDQ O@9IL L@=Q MF<=JKLGG< :=KL #C
KLM<A=< L@=J= OADD := 9 <AKLJA:MLAGF G> 2J9<=K &> L@=J= AK 9 J=DILAGFK@AH :=LO-=
L@= DG;9LAGF G> L@9L <AKLJA:MLAGF G> ?J9<=K OADD ;@9F?= AF 9F GJ<=JDQ E9FF=J 9K Q
@A?@=J D=N=DK G> KLM<QAF?

1=?J=KKAGF 9F9DQKAK AK GF= G> L@= EGKL MK=< 9F< EGKL HGO=J>MD EMDLAN9JA9L= KL
AL AF>=JK L@= =PAKL=F;= 9F< >GJE G> 9 >MF;LAGF9D J=DI9LAGFK@AH AF 9 HGHMDOILAG
LG MK= J=?J=KKAGF QGM OADD := 9:D= LG =KLAE9L= L@= H9J9E=L=JK \ L@= KDGH= 9F< ,
>MF;LAGF D®&BCK LOG GJ EGJ= N9JARL@EK @IL =KLAE9L=< >MF;LAGF QGM OADD := 9:D= L(
>GJ=;9KL L@AF?K DAC= MFAL ;GKLK AFL=J=KL J9L=K GJ K9D=K GN=J 9 OA<= J9F?= G> ;C
KAEHD=KL J=?J=KKAGF L=;@FAIM=K K==E DAEAL=< AF L@=AJ 9HHDA;9LAGFK KL9LAKLA;A9FK
G> N9JAILAGFK GF J=?J=REAEPQ@PHIF< L@= MK=>MDF=KK G> L@= L=; @FAIN= 8KA&AK ;@
OADD = <AK;MKK=< ,|F;= 9?9AF L@= L <AKLJA:MLAGF 9F< # <AKLJA:MLAGF OADD := MK=<LG L

What is regression?

=>GJ= KL9JLAF? LG D=9JF 9:GML J=?J=KKAGF ?G :9;C LG 9D?=:J9 9F< J=NA=0 O@9L 9 >MF;LAG
G> 9 >MF;LAGF ;9F := >GJE9D DAC=L@= GF= AF EQ >J=K@EO9F ;9D;MDMK L=PL ] >MF;LAGF A
H9AJK G> FMEABKM; @ L@I9L LG =9;@ N9DM= G> L@=~ARA@LINIGAIABHGF<K 9 MFAIM= N9DM="
L@=K=;GF< N9JADED GE9K *GJ= AFLMALAA=D@=J= AK 9 J=?MD9J J=DILAGFK@AH :=LO:
N9JA9:D=K L@=J= AK MKM9DDQ 9 >MF;LAGF L@9L <=K;JA:=K L@= J=DILAGFK@AH #MF;LAGFk
>GJEK 1@= EGKL ?=F=J9® AKO@A;@ KAEHDQ K9QK L@9L L@= N9DM= G> Q <=H=F<K GF L@-
KGE= J=?MD9J >9K@AGF L@GM?@ L@= >GJE G> L@= J=DILAGFK@AH AK FGL KH=;A>A=< 1(
AK L@= DAF=9J >MF;LAGF O@=J=

1@GE9YK $ +6->6>< +8. +8+6B=3-+6 1/97/3I8=< GKLGF * <<AKGF 4KD=Q
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GI9F<L 9J= H9J9E=L=JK J=E9AFAF? ;GHARR, @OF?-GAK L@= AFL=J;=HIABR<@= KDGH= &> L@=
N9DM=KG@@¥F<L 9J= CFGOF QGM ;9F >ABL @@= ?G=K OALLQHYILLAF?A&+E G L@= =IMILAGF
9F< KGDNAF? 1@=J= ;9F := >MF;LAGFK O@=J= GF= N9JA9:D= <=H=F<K GF L@= N9DM=K N9D|
GL@=J N9JA9:D=KAOE=ILG?=L@=J <=L=JEAF= L@BNEDN= (OF 9DKG := FGF DAF=9J >MF;LAGF
O@=J= L@= N9DM= G> L@= <=H=F<=RE BBIAGDE@= =P9EHD=K O= @9N= MK=< KG >9J <=H=Fs
N9DM=K G> GF= GJ EGJ= GL@=J N9JA9:D=K :ML L@= N9DM=K G> L@= GL@=J N9JA9:D=K 9J=K
GL@=J HGO=J GJ JGGL GJ EMDLAHBAH+G&E®SDM= G> L@= <=H=F<=FL N9JA9:D= AK <=L
[=?J=KKAGF 9DDGOK QGM LG =KLAE9L= <AJ=;LDQ L@= H9J9E=L=JK AFEMFELI@MI5LNG EKAGEK
L@ADDGO E9FQ FGF DAF=9J >MF;LAGF9D >GJEK LG := =KUAEBKKAGADKIDIDDGOK QGM L
L=KL LG K== A> L@=J= AK 9 >MF;LAGF9D J=DILAGFK@AH :=LO==F L@= N9JA9:D=K :Q L=KLAF
G> L@= KDGH=K @9K 9 N9DM= G> R=JG

#AJKL D=L MK ;GFKA<=J L@= KAEHD= ;9K= G> 9 LOG NSIADA-NH BAGE- 6<=H=F<=FL
N9JA9:D= AK 9 DAF=9J >Mk;LEAGFAEx=H=F<=FL N9JABHIF<K GF GDD=;L 9 K9EHDAG>

B H9AJK 9F< HDGL L@=E GRABORA=K>1@= :9KA; A<=9 :=@AF< J=?J=KKAGF AK LG >AF< L@= =
L@= KLI9A?@L DAF=L@9L ;GE=K 9K ;DGK= 9K HGKKA:D= LG 9K E9FQ G> L@= HGAFLK 9K HG¥
L@= DAF=<J90F L@JGM?@ L@= K9EHD= 9J= MF:A9K=< =KLAE9LGJK G> L@= H9J9E=L=JK G> L
9K ;DGK= 9K HGKKA:D= LG 9K E9FQ G> L@= HGAFLK 9K HGKKA:D= AF L@= HGHMD9LAGF A>
?29L@=J=< 9F< HDGLL=< &F C==HAF? OAL@ L@= ;GFN=FLAGF G> MKAF? $J==C D=LL=JK >GJ
/IGE9F D=LL=JK >GJ K9EHD= N9DM=K L@= DAF=<J90F L@JGM?@ 9 HGHMDI9LAGF AK

O@AD= L@= DAF=<J90F L@JGM?@ 9 K9EHD= AK
B + A

&F EGKL ;9K=K =N=F A> L@= O@GD= HGHMDILAGF @9< :==F ?9L@=J=< L@= J=?J=KKAGF DAI
=N=JQ HGAFL *GKL G> L@= H@=FGE=F9 L@9L :MKAF=KK J=K=9J;@=JK <=9D OAL@ 9J= FGL H
KG FG >MF;LAGF OADD H=J>=;LDQ HJ=<A;L GJ =PHD9AF =N=JQ G:K=JN9LAGF

&E9?AF= L@IL QGM O9FL=< LG KLM<Q L@= =KLAEI9L=< HJA;= >GJ 9 GF= :=<JGGE 9B9JLE=FL £
<=;A<= LG =KLAEI9L= L@K QIAWF,LAGF G> ALK DG;9LAGF AF J=DI9LAGF LG <GOFLGOF &> QC
KOEHD= H9AJK QGM OGMD=FAR<HMILE=FLK DG;9L=< OAL@AF L@= K9E= <AKL9F;= >JGE <Gt
GL@=J OGJ<K QGM EA?@L <J90 9 <AKLJA:MLAGF G> HJA;=K >GJ 9H9JLE=FLK DG;9L=< 9L L
<GOFLGOF GJ 909Q >JGE <GOFLGOF 4@=F QGM MK= J=?J=KKAGF LG =KLAE9L= L@= H9J9!
> <AKL9F;= QGM 9J= =KLAESLAF? L@= H9J9E=L=JK G> L@= DAF= L@9BL,GR@ I, @AGESF H
=,9MK=L@=:=KL L@9L ;9F := =PH=;L=< AK LG HJ=<A; LX@HOEUPAFAYS;9LAGF J=K=9J;@=JK G>
OJAL= L@=AJ J=?J=KKAGF EG<=DK OAL@ 9E5PI@2+SI@A@-FGL=K L@9L E9FQ G> L@= E=E:=.
G>L@=HGHMDI9LAGF G> DG;9LAGF HJA;= G>9H9JLE=FL H9AJK OADD FGL @&\8MiR9;LDQ L@
E9FQ G> L@= HGAFLK <G FGL DA= <AJ=;LDQ GF L@= J=?J=KKAGF DAF= 1@= =JJG3)1=JE AK |
2<7?68;: 9F< QGM G>L=F K== J=?J=KKAGF =IMILAGFK OJALL=F

OLJA,LD@= <AKLJA:MLAGE €:@ DG;9EAMGH = FGJEID 9F< L@= <AKLJAIMBEGBRIOGE@=
DG;9LAEMKL @9IN=L@= K9E= N9JAIF;= L@AK AK CFGOF 9K @GEGK;=<9KLA;ALQ LG KL9LAKL.
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Simple regression and least squares method

&F =KLAE9LAF? L@= MFCFGOF H9J9E=L=JK G> L@= HGHMDIOLAGF >GJ L@= J=?J=KKAGF D/
E=L@G<:Q O@A;@ L@= N=JLA;9D <AKL9F;=K :=LO==F L@= Q=L LG := =KLAE9L=< J=?J=KKAGF L
N9DM=K AF GMJ K9EHD= 9J= EAFAEAR=< 1@AK EAFAEAR=<ZBKLOF;, L AGPDE-AL AK EGJ=
;GEEGFDQ J=>=J)=< Il&H+BF< <=FGL=</&F EGJ= E9L@=E9LA;9D >GJIEB4JaKx=<A+0==F
L@BIF< ALK HJ=<A;L=<ARD@—= J=KA<MID AF =9;@ H9AJ G> GASENB| NEBEKKOIE= G>

L@=K= J=KA<M9DK OADD := HGKALAN= 9:GN= L@= =KLAE9L=< DAF= 9EDGDQ@K DAPD := F:
&> O= 9<< 9DD L@=K= J=KA<M9DK GN=J L@= K9EHD= KAR= 9F< J9AR-GJ@=ELGCHJaN=RGO=
L@= ;@9F;= L@GK= HGKALAN= 9F< F=?9LAN= KA?FK 9J= ;9F;=DDAF? =9;@ GL@=J GML O= ;9F
JAL=JAGF >GJ GMJ EAFAEARILAGF HJG:D=E

' AK L@= KME G> KIM9J=K G> L@= J=KA<MIDK GUERFREARKER K=L G> G:K=INSUAEK >GJ
0= OADD ?=L L@= >GDDGOAF? MK=>MD >GJEMDY
X (-2 (y—-9)
> (z—z)?
>L=J ;GEHMLAF? L@= N9DWBER@= 9:GN= >GJEMDY GML G> GMJ K9EHD= <9L9 9F< L@= E=9Fk

K=JA=K G> <9IDEB GF= ;9F KAEHDQ J=;GN=J L@= AFL=J;=HL G> L@= =KLAE9L=< DAF= MKAF
=IMOLAGF

#GJ L@= K9EHD= <9L9 9F< ?AN=F L@= =KLAE9L=< AFL=J;=HL 9F< KDGH= >GJ =9;@ G:K=JN9L
J=KA<M9D 9K

I=H=F<AF? GF L@= =KLAE9L=< N9DM=K >GJ AFL=J;=HL 9F< KDGH= O= ;9F <J90 L@= =KLAESL
9DD K9EHD= <91 AH9F=D OM;@ ?J9H@K 9J= CFGOF 9K K;9LL=J <A9?J9EK GFKA<=J GMJ 9F9
HJA;= G> GF=:=<JGGE 9H9JLE=FLK AF +=DKGIMD4 ;GDD=,L <BHIBF G> GF= :=<IGGE
9H9JLE=FA ALK 9KKG;A9L=< <AKL9F;= >JGE <GORL.GOE RAR= G> L@= 9H9JLE=FL 9K K@GOF
19:D=
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B HJA;= G>9H9JLE=FLK AF

A <AKL9F;= G>=9;@ 9H9JILE=FL >JGE <GOFLGOF AF CADGE=LJ=K
A KAR=G>L@=9H9JLE=FL AF KIM9J= >==L
E

D D

1@=?J9H@ K@GOF AF #A?MJ=  AK 9 K;9LL=J HDGL G> L@= HJA;=K G> L@= 9H9JLE=FLK 9F<
<GOFLGOF 9DGF? OAL@ 9 HIGHGK=< J=?J=KKAGF DAF=
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31>/ -+==/; %69= 90 %;3-/ 3<=+8-/I, 9@8=9@8 +6981 @3=21F; &/1; /<<398 138/

&F GJ<=J LG HDGL KM;@ 9 K;9LL=J <A9?J9E QGM ;9F MK= E9FQ 9N9AD9:D= KLILAKLA;9D
AF;DM<AF? "P;=D 00 9F< *AFAEL@AK K;9LL=J <A9?J9E 9 F=7?9LAN= KAEHD= J=?J=KKAGF DA
K@GOF 1@==KLAE9L=< =IMILAGF >GJ L@AK K;9LL=J <A9?J9E >JGE "P;=D AK

4@=J=+ OF< &F GL@=J OGJ<K >GJ =N=JQ 9<<ALAGF9D CADGE=LJ= >JGE <GO¥
9H9JLE=FL AK DG;9L=< L@= HJIA= G> L@= 9H9ILE=FL AK =KLAE9L=< LG :=
A= ,F= EA?@L 9DKG := ;MJAGMK 9:GML L@= >ALL=< N9DM=K GML G> L@AK =KLAE9L

6GM ;9F KAEHDQ HDM? L@= 9;LMABRNIBDM@=GBLAEIL=< DAF= 9F<>AF< L@= >ALL=<N9DM=K:
G>L@=9H9JLE=FLK 1@=J=KA<M9DK >GJ9DD G:K=JNI9LAGFK 9J= K@QGOF AF #A?MJ=
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31>/

6GM K@GMD< 9DKG@ALAYFEAFAEARAF? =JJGJK QGM @9N= FGL =DAEARIIAE-DEH>39RE=J
D=9KL KIM9J=K GFDQ ?M9JIRELCICEBEAEIL=< J=?J=KKAGF DAF= GML G> L@= K9EHD= <9L9

&F L@= HJ=K=F;= G> L@= J=E9AFAF? =JJGJK GF= K@GMD< :=909J=G> L@=>9;L L@IL L@=J:
L@9L EA?@L FGL @9N=:==F AF;DM<=< AF GMJ J=?BIKKARBHEEBKADSHGJ L@= >DM;LMILAGFK
J=E9AFAF? =JJGJK Q 9<<AF? L@=K= =P;DM<=< :ML J=D=N9FL >9;LGJK LG L@= EG<=D O= HJ
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LG L@= KME G> KIM9J=K J=KA#M9IDHOAFMKMIDDQ GF= L9AD L9:D=K 2@ GGHARD:D=K
SGIL@AF<7 87 <> 9F<>AF<L@= L9®=H@= ;GEHML=<# AK ?J=9L=J L@ @Q®E L@B= #
;GEHML=<# AK MFDAC=DQ LG @IN=dAKM.IM= AF< QGM ;9F K9>=DQ <=;A<=L@9L L@= <9L9 KM
1@=J= AK 9 >MF;LAGF9D J=D9LAGFK@AH AF L@= HGHMD9LAGF

+GO L@9L QGM @9N= D=9JF=< 9DD L@= F=;=KK9JQ KL=HK AF =KLAE9LAF? 9 KAEHD= J=?J=I
L9C= KGE= LAE= LG J= =KLAEO9L= L@= +=DKGF 9H9JLE=FL EG<=D GJ 9FQ GL@=J KAEHD= J=?]
L@= AFL=J9;LAN= "P;=D L=EHD9L= K@GOF AF #A?MJ=  )AC=9DD GL@=J AFL=J9;LAN= L=EHD
QGM ;9F ;@9F?= L@= N9DM=K AF L@= Q=DEFOJ—KNDRILCGEAQD = K@GOF 9MLGEISLA;9DDQ OA
L=EHD9L= #GJ L@AK L=EHD9L= QGM ;9F GFDQ =KLAE9L= KAEHD= J=?J=KKAGF EG#4DK OAL(
MK=:/-3+6 :+<=/ ?+6>R@=F QGM HI9KL= QGMJ <9L9 >JGE GL@=J KHJ=9<K@==LK 1@= >AJKL
QGMJ <9L9 MF<=J AF<=H=F<=FL 9F< <=H=F<=FL N9JA9:D=K +=PL K=D=;L QGMJ 9DH@9 D=N=LC
AF L=JEK G> :GL@ AF<ANA<M9D 9F< GN=J9DD KA?FA>A;9F;= |F,;= L@= EG<=D @9K H9KK=< 9O
QGM ;9F K=D=;L 9F 9HHJGHJA9L= N9DM= >GJ L@= AF<=H=F<=FL N9JA9:D= O@A;@ AF L@AK -
LG <GOFLGOF LG =KLAE9L= :GL@ L@= ;GF>A<=F;= AFL=JN9DK >GJ L@= 9N=J97= HJA;= G> KM
L@= HJ=<A;LAGF AFL=JN9DK >GJ L@= K=D=;L=< <AKL9F;= GL@ L@=K= AFL=JN9DK 9J= <AK;M
[=E=E:=J L@IL :Q ;@9F?AF? 9FQ G> L@= N9DM=K AF L@= Q=DDGO 9J=9K AF L@AK L=EHD9L= 9
MH<9L=< AF;DM<AF? L@= L=KLK G> KA?FA>A;9F;= 9F< L@= N9DM=K >GJ :GL@ ;GF>A<=F;= 9F<

8 38=/;+-=3?/9; 7/.3+ /6/7/8= 2+< ,//8 |A-6>./. 0,97 =23< ?/;<398 90 =2/ =/#=-+8 ?3/@ 3= 98638/
2/, 2==:< 9:/8=/A=,- -+ 38£>-=9;B,><38/<<<=+=3<=3-< :

#A?MJ= &FL=J9;LAN="BREBIOL= >GJ OAEHD= /=?J=KKAGF [ K== HH=F<AP
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4@=F O= 9<< EGJ= =PHD9F9LGJQ N9JA9:D=K LG GMJ KAEHD= J=?J=KKAGF EG<=D LG KLJ=F
=PHD9AF J=9D OGJD< <9L9 O= AF >9;L ;GFN=JL 9 KAEHD= J=?J=KKAGF EG<=D AFLG 9 EMDLAL
1@= D=9KL KIM9J=K 9HHJIG9;@ O= MK=< AF L@= ;9K= G> KAEHD= MRI=KKAGEG ENMIPLKHEBD
J=?J=KKAGF 9F9DQKAK

K H=J GMJ <AK;MKKAGF AF L@= KAEHD= J=?J=KKAGF EG<=D K=;L&GHF<Al BCOEH SFRNG<

G> L@= N9JAILAGFK AF L@= HJA;= G> 9H9JLE=FLK AF +=DKGF  O9K =PHDY9AF=< :Q L@=.
<GOFLGOF ,NAGMK®&I= K@GMD< := EGJ= J=D=N9FL >9;LGJK L@I9L ;9F := 9<<=< AFLG L@AK |
AL KLIGFPAHIK 9<< L@= K=;GF< =PHD9FILGJQ >9;LGJ LGL@BREG=<-ROUI9 >GJ L@= 9J=9 G> =9;
9HOJLE=FL AF KIM9J-A==A &> O= 7G :9;C LG "P;=D 9F< =KLAE9L= GMJ EG<=D AF;DM<AF? L(
9<<=<N9JA9:D= O= OADD K== L@= HJAFLGML K@GOF AF #A?MJ=

31>/ A-16 %;38=9>=

1@= =KLAE9L=K =IMILAGF G> L@= J=?J=KKAGF EG<=D AK
HJ=<A;L=< HIZ%9H9JLE=FLK [ <AKL9F;= 9J=9

1@AK AK L@= =IMILAGF >GJ 9 HD9F= L@= L@J== <AE=FKAGF9D =IMAN9D=FL G> 9 KLJ9A?(
>MF;LAGF :=9MK= F=AL@-AKEEARAK JIAK=< LG 9 HGO=J FGJ L9C=F LG KGE= JG®L FGJ 9J=
EMDLAHDA=< LGEMa3HE @9N= =N=F EGJ= AF<=H=F<=FL N9JA9:D=K 9F< 9K DGF? 9K L@= >MF;l
QGM ;9F =KLAEI9L= L@t KIOGHS; @ AF<=H=F<=FL N9JA9:D=

=>GJ= MKAF? L@AK =KLAEO9L=< EG<=D >GJ HJ=<A;LAGF 9F< <=;AKAGF E9CAF? HMJHGK=K (
@QHGL@=K=K #AIRIMR=L@= # K;GJ= LG L=KL LG K== A> L@= J=?J=KKAGF EGRADAEBJIGN=
HJ=<A;L HIB=9H9JLE=FLK &F GL@=J OGJ<K O ;kE6RKABA>A;9F;= G> L@= =KLAEI9L=< EG<=
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0=;GF< 9F< L@AJ<9BMK= L@= L K;GJ=K LG L=KL LG K== A> L@= KIPGIEKIG> <AKI-9H;=
>JGE R=JG 1@=K=LOG L L=KLK 9J= 938G CTFSBEIAKK G> KA?FA>A;9F;=

1G ;GF<M;L L@=>AJKL |@RGR=GF 1@=# K;GJ= AK L@= J=?J=KKAGF GJ EG<=D E=9F KIM9J=
L@= J=KA<MID GJ =JJGJ E=9F KIM9J= KG L@= <> >GJ L@= # KLILAKLA; 9J= >AJKL L@= <> >«
9F< K=,GF< L@=<>>GJ L@@=J3QJ= 9F<>>GIL@=#L=KL ;;GI<AFHI®INEOK @F<

<> L@=;JALA;9D # K;GJ= K

1@= @QHGL@=K=K 9J=
HJA:¥ > <AKL9F;= 9J=9
o HIA;= > <AKLOF;= 9J=9

=, 9MK= L@= # K;GJ= >JGE L@= J=?J=KKAGF AK ?J=9L=J L@9F L@= ;JALA;9D # K;GJ= O-
L@= <9L9 KMHKOHk ;GF;DM<= L@9L L@= EG<=D @=DHK MK $RHSEEHIA;-DG=IJFILAN=DQ
K9Q L@=J= AK KM;@ 9 >MF;LAGF9D J=DI9LAGFK@AH AF L@= HGHMDIY9LAGF

+GO O= EGN= LG L@= AF<ANA<MID L=KL G> KB IEG-KE&= AxERHARRK GF <AKL9F;= 9F<
9J=91@=J= 9387 <> 1@=J= 9J= LOG K=LK G> @QHGL@=KEK LEF=KOGHE3IGJ
<AKL9F;= 9F< GF= K£L *»@F KDGH= >GJ 9J=9 #GJ 9 KE9DD LGPH-GAFE@9Q @= KDGH= >GJ
<AKL9F;= OADD := F=?9LARHYEL @9DADD := HGKALAN= 1@=J3AGD-MB= 9 GF=L9AD L=KL G
L 9K O=DD 9K>GJ

H,:8 <0 H,:8,<0

0AF;= O= @IN3G GF=L9AD L=KLK L@= L@WEB,FK>OEE L@= L L9:D= OADD =GI@Q&KIEG
L=KLK 2KAF? O9F< <> O= ;@GGK= >GL@EK;GJ= >GJOAL@ 9 GF=L9AD L=KL 9F<
;GE= MH OAL@ )GGCAF? :9;C 9L GMJ "AAFLGML 9F< ;@=;,CARGBK G—;A<= L@IL
<AKL9F;= <G=<2>HJIA;= G> 9H9JLE=FLK :ML 9J=9 AK FGL 9 KA?FA>A;9FL >9;LGJ AF =PHD9AF.
9HI9JLE=FHGLA;= L@9L L@= HIAFLGML $BIKGI2?ARSK @= AFL=J;=HIGMB<O=KL LG K== A> L@=
AFL=J;=HL =IM9DK R=JG GJ FGL

DL=JFOLANGPR E9Q ?G 9@=9< 9F< ;GEH9J= <AJ=;NIQNM&B-GML G> L@= "P;=D HIJAFLGML 9?¢
L@= 9KKME=< D=N=D G> KARFARA;9F;4 = ;9F =9KADQ K== L@NID@=K 9KKG;A9L=< OAL@
L@= AFL=J;=HL 9F< HJA;= 9J= GL@+®2KIKOR@3Kk 9 J=KMDL O= J=B=L L@= @QHGL@=KAK |
OKKG;AILE=>AA=FI- R=JE6 = GL@ KX?FA>A;IRIGO=N=-20=9 AK FGL 9 KA?FA>A;9FL >9;LGJ KAF
ALK 9KKG;AINSDMK ?J=9L=] 4@2F

4@AD=L@=J=9J= GL@=J J=IMAJ=< 9KKMEHLAGFK 9F< ;GF<ALAGFK AF :GL@ KAEHD= 9F< EMD
O= =F;GMJ9?= KLM<=FLK LGfSARRMIIE=<AIL= :MKAF=KK KLILAKLA;KX&34EQIPKLEGAD=<
<AK;MKKAGFK @=J= O&;BKDGF LOG J=D=N9FL HGAFLK 9:GML L@= MK= 9F< 9HHDA;9LAGF
J=?J=KKAGF

1@= >AJKL HGAFL AK J=D9L=< LG L@= AFL=JHJ=LI9LAGPFAZ*=E@ AKIOAEBICIsAHD—> J=?J=KKA/
EG<=D GM K@GMD< :=;9J=>MD@OIFGES KAEHD= J=?J=KKAGF EG<=D L@AKEAEGSM3=>

AF<=H=F<=FL N9JA9:D= AK KAEHDQ L@= KDGH= G> L@= DAF= 9F< ;9F := AFL=JHJ=L=< &L J=
L@= <=H=F<=FL N9JA9:D= LG 9 GF= MFAL ;@9F?= AF L@= AF<=H=F<a4K@ AOQHA:B3HISCD-AGH
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AF 9 EMDLAHD= J=?J=KKAGF EG<=D K@GMD< := HEBMHUIAERDASGEEOLK MF<=J EMDLAHD=
J=2J=KKAGF 9F9DQKAK 9J= L@= J=KHGFK= G> L@= <=H=F<=FL N9JA9:D= LG 9 GF= MFAL :
AF<=H=F<=FL N9JA9:D=K O@=F L@= D=N=DK G> 9DD GL@=J AF<=H=F<=FL N9JA9:D=K 9J=
=POEHD= L@= =KLAEObAAERG> HIA:= G> OF 9HOJLE=FL AF +=DKGF  AF<A;9L=K L@9L \ >G
KAR= G> 9HOJLE=FL\ AL OADD <JGH :@GJ =N=JQ GF= CADGE=LJ= L@9L L@= 9H9JLE=FL AK
909Q >JGE <GOFLGOF

1@= K=;GF< HGAFL AK 9:GML L&=-AAKEMBEAHD= J=?J=KKAGF 9BRQBBBLAAF? EGJI=
AF<=H=F<=FL N9JA9:D=K LG L@= EG<=D OADD AF;J&€9K3=R@I=NIME>CO @@la8=<k=<
N9JA9:D=K 9J= J=D=N9FL GJ AJJ=D=N9FL AF =PHD9AFAF? L@= N9JA9LAGF AF L@= <=H=F<=
+.4><4 @= AF>D8L=<M= LG LAIFD=NOFL N9I@&B=<K.G L@= EG<=D L@= >GDDGOAF? >GJEN
J=;GEE=F<=< AF L@= ;9K= G> EMDLAHD= J=?J=KKAGF

O@=B-AK L@= KOEHD= KK IME:=J G> L@= =KLAE9L=< H9J9E=L=JK AF GMJ EG<=D

9;C LG GMJ =9JDA=J "P;=D J=KMEMDtBHD@3=?J=KKAGF EG<=D =KLAE9L=<>GJ L@= 9H9JLE=}
O=,9F K== L@9L O@RDE9®—=F AF>DAGE LG <M=LG L@=F=0 9<<=<>H9GlUE=FL
KARAL@= 9<BMRL*&9K <JGHH=< L@= AF>D9L=< N9DMME&G-JKLOF< AL :QAMIK@GMD< H9Q
OLL=FLAGF LG L@= 9KKEEORA=<GJ L@= F=ODQ 9<<8AB&ILGIAK NODM= AK EGJ= L@9F Os
;9FFGL J=B=;L L@= @QHGL@=KAK L@RA;ApE GIMBHEEE=FL KAR= 9J=9 AK KAZEAFA;9FLDQ
>JGE R=JG &F GL@=J OGJ<K AF ALK ;MJJ=FL KALMIOLAGF 9H9JLE=FL KARZAK_EGL HNPEA>A
G @9K :==F AF>D9L=<

#MIL@=JEGJ)= L@=9&BMIKIASL=K L@IL GFDQ  G> N9JAILAGFK AF HJA;= G> GF=:=<JGGE 9l
AF +=DKGF ;9F := =PHD9AF=< :Q L@=AJ DG;9LAGFK 9F< KAR=K DEGKL G>L@= N9JA9LAC
KLABBFGL := =PHD9AF=< :Q L@=K= LOG >9;LGJK ,EGREHEGNS L@AK EG<=D :Q K=9J;@AF?
EGJ=J=D=N9FL >9;LGJK KM;@ 9K KLQD= G> L@=9H9JLE=FL Q=9J :MADL =L; 9F< 9<< L@=E AF

2KAF? L@= AFL=J9;LAN="P;=D L=EHD9L= K@GOF AF #A?MJ=  QGM ;9F =KLAE9L= 9 EMDLAHD:
29AF =FL=J QGMJ <9L9 AFLG L@= Q=DDGGJ;+@*GEBADIL= QGM 9J= 9DDGO=< LG MK= N
G:K=JNILAGFK >GJ =9;@ ;GDMEF )AC= 9DD GL@=J AFL=J9;LAN= L=EHDOL=K<AF3E@AK L=PL
+<=/ 2+6>/0@=F QGM HIKL= QGMJ <9L9 >JGE GL@=J KHI=9<K @=QBNOEM=>A:90E0 @9F

<9L9 =FLJA=K QGM EMKL 9DKG >ADD GML L@= J=KL G> L@= =EHLQ Q=DDGO ;=DDK MF<=J 5
+GO K=D=;L QGMJ 9DH@9 D=N=D /@=DAGMOADD FGL GFDQ @9N= 9DD QGMAALRAEOL=< ;C
9DGF? OAL@ L@=AJ L NODM=K =L; QGM OADD 9DKG := ?MA<=< 9K LG O@=L@=J L@= EG
GN=J9DD 9F< AF<ANA=NEBEPHH N9DM= 9KKG;A9L=< OAL@ # N9DM= O:@ARK @GL H3KK

L@9F L@= K=D=;L=< 9DH@9 D=N=D QGM OADD K== 9 E=KK9?= AF<A;9LAF? L@9L QGMJ =KLAE
KA?FA>A;9FL 9F< 9K 9 J=KMDL FG N9DM=K DR 9R@GOF Q =AL@=J :@9F?AF? L@= 9DHC
9F< GJ 9<<AF? EGJ= 9;;MJ9L= <9L9 AL AKGHBKKEMD= 9 EGJ= KA?FA>A;9FL EMDLAHD= J=2J=KKA
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#A?MJ= &FL=J9;LAN="BEBDOL= >GJ *MDLAHD= /=?J=KKAGF *G<=D [ K== HH=F<AP

,F= EGJ= HGAFL AK 9:GML L@= >GJEIL G> QGMJ 9KKME=< EMDLAHBMJSFIKKKAGPEGED ¢
FOLMJ= G> L@= 9KKG;AILAGFK :=LO==F L@= <=H=F<=FL N9JA9:D= 9F< 9DD L@= AF<=H=F<=
9D09QK := DARI=9DADGM OADD >9;= ;9K=K O@=J= KM;@ J=DILAGFK@AHK E9Q := :=LL=J

FGFDAF=9J EG<AD@GML ?GAF? AFLG L@= <=L9ADK G> KM;@ 9 FGF DAF=9J EG<=D BMKL L(
QGM K@GMD< := 9:D= LG LI9FK>GJIE QGMJ K=D=;L.=<<9L9>GJ5 5 9F< 6 :=>GJ==KLAE9LAF? (
AFKLI9F;= GF= HGKKA:D= EMDLAHD= J=?J=KKAGF FGF DAF=9J EG<=D E9Q := 9 EG<=D AF O@A;
9F< AF<=H=F<=FL N9JA9:D=K @9N= :==F LJ9FK>GJE=< LG 9 FOLMJ9D DG?9JAL@E JOL@=J L@
=KLAE9L= KM;@ 9 EG<=D OAL@AF #A?MJ=  9DD QGM F==< LG <G AK LIJ9FK>GJE L@= <9L9 Af
9 K=H9J9L= K@==L >JGE D=N=D LG DG?9JAL@E &F <GAF? L@QAK KAEHDQ MK= DG? K9Q C
@9N= L@= >AJKL G:K=IJNILAGF G>5 9F< DG? K9Q KAEHBERIDPDF3+6 :+<=/ ?+64AFLG

L@= Q=DDGO ;GDMEFK OAL@AF L@= L=EHD9L= +GO QGM @9N= =KLAE9L=< 9 EMDLAHD= J=?,
KA<=K AF 9 FGF DAF=®{->QJE? >GJE

Predictions using the estimated simple regression

&> L@= =KLAE9L=< J=?J=KKAGF DAF= >ALK O=DD AFLG L@=<9L9 L@= EG<=D ;9F L@=F := MK:
L@= 9:GN= =KLAE9L=< KAEHD= J=?J=KKAGF EG<=D O=;9F HJ=<A,L L@= H3AB<GKIFHFSHIJLE=I
LG <GOFLGOF 1@AK AK CFGOF 9K L@= HJ=<A;LAGBIARIEINNBB@9Q HI=<A;L &8

53-/ G>L@=9H9JLE=FL 9DKG CFGOF 9K L@=;GF>A<=F;= AFL=JN9D GJ & >GJL@=E=9F NOC

&F HJI=<A;LAF? AFL=JN9DK >GJ L@= HJA;= G> 9F 9HGAESEEILIZRIOBBKAPGE <GOFLGOF O-=
KAEHDQ K=19F< KM:KLALML= AL :9;C AFLG L@= =KLAE9L=< =IMOLAGF

y="71.84—5.38 x 6 = $39.56

6GM K@QGMD< H9Q 9LL=FLAGF LG L@=K;9D= G> <9L9 &F L@AK ;9K= L@= <=H=F<=FL N9JA9:D:-
1@=J=>GJ= L@= HJ=<A;L=< NO9DM= >GJ IFCHB3EEEFEKKAFGE <GOFLGOF AK

1@AK N9DM= AK CFGQg3B« I®@37+E> L@= HJ=<A;LAGF 9F< AK FGL J=DA9:D= 9K O=9J=FGL ;
;DGK=L@AK N9DM= AK LG L@= LIM= N9DM= G> L@= HGHMD9LAGF

EGJ=J=DA9:D= =KLAE9L=;9F := ;GFKLIM;L=<:Q K3&8+/AFBMIMAI< L@= HGAFL =KLAE9L= 1@AK ;
:= <GF= AF LOG O9GK % HI=<A;L L@= H9JLA;MD9BNOD®I2AN=F NODMEIO= ;9F =KLAEO9L=
L@==PH=;L=< N9DM= EBYGG$S ?AN=F NODM#G3>3 @= H9ILA;MD9J RIDMMIG>L @= >GDDGOAF?
>GJEMD9 >GJ L@= AFL=JN9D
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O@=J= L@= KL9F<9J8 =JBZIL @= HJ=<A;LAGF AK ;9D;MD9L=< :9K=< GF L@=>GDDGOAF? >GJEN

&F L@AK =IMAABH. @= H9JLA;MD9J N9DM= G> L@= AF<=H=F<=FL N9JA9:D= O@AKL&=GMJ ;9
KL9F<933JGJ G> L@= J=?J=KKAGF ;9D;MD9L=< 9K

#JGE L@="P;=D HIJAFLGML >GJ L@= KAEHD= J=?J=KKAGF EG<=D L@AK KL9F<9J< =JJGJ AK =K

1@= KME G> KIM9J=K G> L@= AF<=H=F<=FL N9JA9:D=

;9F 9DKG :=;9D;MD9L=< 9K K@GOF AF #A?MJ=

31>;/

DD L@=K=;9D;MD9L=< N9DM=K ;9F := KM:KLALML=<:9;C AFLG L@=>GJEMD9 >GJL@=0" G> L
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+GOL@IL L@=0" G>L@=;GF>A<=F;= AFL=JN9D @9K :==F ;9D;MD9L=< QGMHSARHAJGH L@-=
L@=L9:D= $AN=F L@= <=?J==K G>>J==<GE L@=9HHIGHJAIL=NIMMAKIGEGRKDMK=

L@AK AF>GJESLAGF LG ;90:MD38-90 &% 9K #AF9DDQ ;GFKLIM;L L@= HJ=<A;LAGF
AFL=JN9D >GJ L@= H9JLA;MD9J N9DM= G> L@= HJA;= G> SFABISH-EIEK DGHD >JBBRGOFLGOF
9K

39.56 +14.54

1@AK AK 9 ;GEH9;L N=JKAGF G> L@= HJ=<A,LAGEGE_23RSDOBBEFIKAGF G> 9FQ ;GF>A<=F;
AFL=INSR] 9FQ ?AN=F ;GF>A<=F;= B&R+D&OF OJAL=

P[Point Estimate — M.E. < population value < Point Estimate + M.E.]=1—«

&FLMALANGEIXI9Q 9 D=N=D G> ;GF>A<=F;= (BF8&<=FL L@9L L@~ H9J9E=L=J G> L@=
HGHMDY9LAGF OADD := OAL@AF L@=K=LOG DGO=J 9F< MHH=J DAEALK

P[39.56 — 14.54 < True Population Value < 39.56 + 14.54] = 0.95

9K=< GF5MJ KAEHD= J=?J=KKAGF BE&<BQ A@&BIM<=K <AKL9F;= 9K 9 KA?FA>A;9FL >9;LGJ AF H
L@= HJA;= G> 9F 9H9JLE=FL 9F< >GJ 9 H9JLA;MD9J 9H9JLE=FL KAP CADGE=LJ=K 909Q >JGE
;GF>A<=FL L@9L L@= LIM= HJA;= G> 9F 9H9JLE=FLK AF +=DKGF  AK :=LO==F 9F<
OAL@ 9 OA<L@ G> ,F= K@GMD< FGL := KMIJHJAK=< L@=J= AK KM;@ 9 OA<= OA<L@ ?AN-=
;G=>A;A=FL G> <=L=JEAFOLAGF G>L@AK EG<=D O9K GFDQ 9F<L@=>9;L L@9L O= @9N=K=L
909Q >JGE L@= E=9F <AKL9F;= >JGE <GORIGAPO90QK AEHIGN= L@=K= FME:=JK :Q 9<<AF? EC
=PHD9FILGJQ N9JA9:D=K LG GMJ KAEHD= J=?J=KKAGF B&s8$PHI<AEGANODGJI L@= FME:=JK

9K EM;@ 9K HGKKA:D=;DGK= LG L@= <GOFLGOF 9J=9

+GO O= =KLAEI9L= L@= =PH=;L=< NODMB>B3%?BN=F NODME@>KG ;9DD=< HJ=<A;LAGF AFL=JN
1@= HJG;=KK G> ;GFKLJM;LAF? AFL=JN9DK AK N=JQ KAEAD9J LG L@= HJ=NAGMK ;9K= =P;=HlI
>GJ 0" 9F< G>;GMJK= O= K=L MH L@= AFL=JN9DK >GJ L@= E=9F N9SDMAG> L@= 9H9JLE=FL H.

|
SE of P.L=702 |1+ 82235 _ 0
E.of PL=T7. 27T 1mems

6GM K@QGMD< := N=JQLEEUB = £AI=F;= :=LO==F L@AK >GJEMD9 9F< L@= GF= AFLIG<M;=s<
>GJ 0" >G=<A;LAF? L@= H9ILA;MD9BN2D¥2ABI=F NODNz@=Q DAGOR®AEADMILL@AK
>GJEMD9 ;GE=K OAL@ 9FAHNAY=L@= J9<A;9D


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/11/SEofCI1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/11/SEofCI1.png
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http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/C.I._VALUES.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/Confidence-Interval1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/Confidence-Interval1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Confidence-Interval1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Confidence-Interval1.png
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1@= EAF G> =JJGJ AK L@=F ;9D;MD9L=< 9K = MK= L@AK LG K=L MH <AJ=;LDQ L@= DGC
MHH=J DAEALK G> L@= =KLAE9L=K

P[39.56 — 21.36 < True Population Value < 39.56 + 21.36] = 0.95

1@MK >GI42@+=l/ HIA;= G> 9HI9JLE=FLK DG;9L=< AF +=DKGF = KAP CADGE=LJ=K 909Q >JGE
O=9J= ;GF>A<=FL L@9L L@AK 9N=TORBBIJA;=LO==F 9F< OAL@ 9 OA<L@ G>

GEH9J=< OAL@ L@= =9JDA=J OA<L@ >GJ & AL AK G:INAGMK L@9L O= 9J= D=KK ;GF>A<
L@= 9N=J97= HJA;= 1@= J=9KGF AK L@9L L@= 0" >GJ L@= HIZ<AILAGIF IAR-ODOIK h@W=
;GF>A<=F;= AFL=JN9D

1@AK HJIG;=KK ;9F := J=H=9L=< >&SJSHBNADKAQG ;9D;MDIL= L@= 9KKG;A9L=< ;GF>A<=F;=!
HJ=<A;LAGF AFL=JN9DK Q <GAF? L@AK O= OADD @9N= 9 J9F?= G> DGO=J ¥K BFHH=J D=N
& K DD L@=K=FME:=JK ;9F := J=HJG<M;=< OAL@AF L@= AFL=J9;LAN="P;=D L=EHD9L= K@GO
QGM MK= 9 KL9LAKLA;9D KG>L0O9J= KM;@ 9K *AFAL9: QGM OADD <AJ=;LDQ HD&K 9RsILL=J </
& K9K O=DD 9K L@= =KLAE9L=< DAF=9J J=?J=KKAGF DAF=9DD AF GF=<A9?J9E #A?MJ=  K(
>JGE *AFAL9: >GJ{HIBHD=

Fitted Line Plot
y=71.84-5379x

90

= Regression

— - 95% CI

80 ol \ — 95% PI
S 7.02046
70 R-Sq 50.4%

R-Sqladj)  45.5%

60

50

30

20

31>;/ "383=+,%69=09; +8.%

#A?MJ=  AF<A;9L=K L@9L 9 EGJ= J=DA9:D= HI=5FAHPGPK@&EWB YK HGKKA:D= LG L@= E=9F
GMJ G:K=INILAGRKFAIDAK ?J9H@ L@= OA<L@K G> :GL@ AFL=INIDNODKIDGE=) DGQRE
E=9FK GX9F<B


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/P.I._VALUES.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/P.I._VALUES.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/P.I._VALUES.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/image351.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/image351.png
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6GM K@GMD< := ;9J=>MD LG FGL= L@9L #A?MJ= HIJGNA<=K L@= HJ=<A;L=< AFL=JN9DK |
9 KAEHD= J=?J=KKAGF EG<=D #GJ L@= EMDLAHD= J=?J=KKAGF EG<=D QGM E9Q MK= GL@
H9;C9?=K KM;@ 9K 00 0-00 =L; LG =KLAEO9L& :GE@ & #GJ AFKLIF;= :Q K=D&;LAF?

9F<A 9F< ;G<AF? L@=K= >A?MJ=K AFLG *AFALYK-LAMDSABRMDLK 9K K@QGOF AF #A?MJ=
DL=JFOLANLDEM E9Q MK= L@= AFL=J9;LAN= "P;=D L=EHD9L= HIGNA<=< AF #A?MJ= LG -
EMDLAHD= J=?J=KKAGF EG<=D 9F< LG ;@=;C >GJ L@= KA?FA>A,9F;= G> L@= =KLAE9L=< H9J¢
;9F 9DKG := MK=< LG ;GFKLIM;L :@L9¥ < @~ >GJ L@= ?AN=F NBDMBAG® GJIFQ GL@=J
N9DM=K G> QGMJ ;@GA;= #MIL@=JEGJI= L@AK L=EHD9L==F9:D=K QGM LG L=KL A> L@= =KLA
EG<=D AK GN=J9DD KA?FA>A;9FL 4@=F L@= =KLAE9L=< EMDLAHD= J=?J=KKAGF EG<=D AK
L@AK L=EHD9L= OADD FGL HIGERA<ZL@®HJI;LA;= L@AK ;9K= QGM E9Q O9FL LG ;@9F?=L@= C
;GDMEFK &9F<A OAL@ >A=FL J9F<GE FME:=JK L@9L 9J= FGL ;GJJ=D9L=< OAL@ L@= <=H=F<-
,F;= L@= =KLAE9L=< EG<=D AK FGL GN=J9DD KA?FA>A;9FL FG HJ=<A;LAGF N9DM=K OADD :=H

Prediction and Confidence Intervals for y

Regression Equation

y = 60.04 - 5.39 x1 + 0.0308 =2

Variable Setting

xl 3
x2 300

Fit 5E Fit 95% CI 95% PI
53.1028 2.71%24 (46.59514, 59.2541) (37.0698, 6£9.1358)
31>;/

1@= & 9F< - & >A?MJ=K AF L@= :J9;C=LK 9J= L@= DGO=J 9F< MHH=J DAEALK G> L@= AF
KH=;A>A; NODM=K >GJ <AKL9F;= 9F< KAR= G> 9H9JLE=FLK 1@= >ALL=< N9DM= G> L@= HJA;=(
L@= KL9F<9J< =JJGJ G> L@AK N9DM= 9J= 9DKG =KLAE9L=<

4 = @9N= BMKL ?AN=F QGM KGE= JGM?@ A<=9K 9:GML @GO L@= :9KA, J=?J=KKAGE>2D;MDIL
GML GL@=J KL=HK F==<=< LG ;9D;MD9L= EGJ= <=L9AD=< J=KMDLK G> J=?J=KKAGF OAL@GML ¢
QGM OADD F=N=J ;GEHML= 9 J=?J=KKAGF OAL@GML 9 ;GEHML=J GJ9 @A?@ =F<;9D;MD9LGJ
Q=9IK %GO=NZDGICAF? OAL@ L@=K= AFL=J9;LAN=L=EHD9L=K QGM OADD @9N=9 EM;@ :=L
9JGMF< OAL@ 9FQ <9L9 LG K== @GO L@= GML;GE=K ;9F := 9DL=J=< 9F< LG G:K=JN=L@=AJ /
J=9D OGJID< :MKAF=KK <=;AKAGF E9CAF? HJG;=KK

Correlation and covariance

1@= ;GJI=DILAGF :=LO==F LOG N9JA9:D=K AK AEHGJL9FL AF KL9LAKLA;K 9F< AL AK ;GEEGF
;GJI=DILAGF 1@= E=9FAF? G> ;GJJ=DILAGF ;9F := <AK;GN=J=<:Q DGGCAF? ;DGK=DQ 9L L@=
;G J=DILAGF 9F<L@9L AKO@9L AL E=9FK @GO LOG N9JA9:D=K 9J=;G J=D9L=< GJJ=DILAGF
LG J=?J=KKAGF 1@= ;GN9JA9F;= :=LO==F LOG N9JA9:D=K AK 9DKG AEHGJL9FL AF KL9LAKL
J=HGJL=< &LK E=9FAF? ;9F 9DKG := <AK;GN=J=< :Q DGGCAF? ;DGK=DQ 9L L@= OGJ<\AL AK
LOG N9JA9:D=K N9JQ LGNAEF;= HDIQK 9 :=@AF< L@= K;=F=K JGD= AF EMDLAN9JA9L= KL9L,


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/prediction-intervals-multiple-regression1.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/03/prediction-intervals-multiple-regression1.png
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QGM OADD FGL K== ;GN9JA9F;= J=HGJL=< N=JQ G>L=F MF<=JKL9F<AF? AL OADD @=DH QGM
KL9LAKLA;K DAC= MF<=JKL9F<AF? N9JA9F;= @=DHK QGM MF<=JKL9F< MFAN9JA9L= KLILAKLA

1@=J=9J= LOG O9QK LG DGGC 9L ;GJJ=DILAGF 1@= >AJKL >DGOK <AJ=;LDQ >JGE J=?J=KKA
;GN9JA9F;= 0AF;= QGM BMKL D=9JF=< 9:GML J=?J=KKAGF AL E9C=K K=FK= LG KL9JL OAL@ LC(C

GJJ=DILAGF AK E=9KMJ=< OAL@ 9 FME:=J :=LO==F 9F< ;9DD=< L@=AB3HDIA@ESF ;G-
HGHMDILAGF ;GJJ=DStABEEGAK MKMODDQ OJALL=F 9K; Lk 9F+&~ KOEHD= ;GJJ=DILAGF
;G=>A;A=FL;91&> QGM @9N= 9 DAF=9J J=?J=KKAGF =IMILAGF OAL@ GFDQ GF= =PHD9FI9LGJ(
G> L@= ;GJI=DILAGEAEE> K@GOK O@=L@=J L@= KDGH= G> L@= J=?J=KKAGF DAF= AK H(
O@AD= L@= 9:KGDML= NOIDM=AAE@K@EOK @GO ;DGK= LG L@= J=?J=KKAGF DMKk L@= HC

L@=F L@= J=?J=KKAGF DAF= @9K 9 HGKALAN= KDGH= 9F< L@= HGAFLK AF L@= HGHMD9
J=?J=KKAGF DARK &> L@=F L@= J=?J=KKAGF DAF= @9K 9 F=?9LAN= KDGH= 9F< L@= HGAFLK
K;9LL=J=< >9J >JGE L@= J=?J=KKAGF DAF;+ QSNEMBB/BIDA;@ AK @A?@=J A> L@= HGAFLK.
KO9EHD= DA= N=JQ ;DGK= LG L@= J=?J=KKAGF DAF= KG L@9L L@= KME G> KIM9J=K J=?J=KKA
KIM9J=K LGL9D

1@= GL@=J 9HHIGY;@ LG =PHDYAFAF? ;GJI=DILAGF J=IMAJ=K MF<=JKLOF<AF? :GNOJAIF;=
N9JQ LG?=L@8MK= ;GNOJAIF;= AK 9 EMDLAN9JAIL= KLILAKLA; AL E=9KMJI=K KGE=L@AF? 9:
HGHMDILAGF G> G:K=JNILAGFK O@=J= =9;@ G:K=JNILAGF @9K LOG GJ EGJ= N9JA9:D=K 1@
AB H9AJK #AJKL >AF< L@= E=AR @5<l@= E=9F GBK@9F<M) 1@=F >GJ =9;@ G:K=JNILAGF
>AFA[ M B[ My &> L@8F< L@AF L@AK G:K=INILAGF 9J= :GL@ >9J 9:GN=L@=AJ E=9FK L@=F
OADD :=B99F< HGKALAN= &> :GL@ 9J= >9J :=DGO L@=AJ E=9FK?-ARFADBKIDKE==DIOGM
>GMF<A[ M B[ My AL OGMD< :2D98< HGKALAREAR EGN= MH 9F< <GOF LGREL@ILHIJ

AK ?G OAL@4EX KEIRK ?G OAL@ KBEDIF< E=<AMIK ?G OAL@ E=<@KIB6GO=NA> KGE=

G> L@=7PAK ?G OAL@ E=<BKIEL; L@=F L@= KME OADD :£@E3DTRHIG:9:DQ KLADD HGKALAI
c Al M Q[ My AEHDA=K IA@3:GN¥ 9J= ?=F=J9DDQ HOIAJBKQALIEM) IF< L@CAE :=DGO

L@=AJ E=9F 9J= ?=F=J9DDQ HBKJ}=DOBL@=AJ E=9F K QGM ;9F K== L@= KME AK 9 B=9KMJ= G
9F<BN9JQ LG?=L@R=3 EGJ= G>L=F KAKAIBIHIAI=< OAL@ BKEA®SEGRBF<BNIJIQ LG?=L@=J

9F< L@=BAL@= KME 9F< L@= ;GNIJAIF;= 1@= L=JE >GJ 9 KAFZ}=M: R INOLAGBD :=
F=?9LAN= O@=ReRB9J= GF GHHGKAL= KA<=K G> L@=/R=B055= MKMADDQ HIAI=< OAL@ KE!
BK 9F< NA;= N=JK9 EGKL G> L@= L=JEK OADD := F=?9LAN= 9F< L@= KME OABBIAKF=?9LAN:
9J= H9AJ=< OAL@ L@= BEEPRAKD= KEIBB=RAL@ L@=KBBE L@=F E9FQ G>A[@#% B[

My OADD :=B99F< F=?9LAN= 9F< KG OADD L@= KME HGHMDILAGF OAL@ EGJ= R=H:=JK OAL
KME KAEHDQ :=;9MK= L@=J= 9J= EGJ= L=JEK LG := K&-RGRZAN=<E L@= KME :Q L@= FME:=J
G:K=JNILAGFK LG ?=L L@= >AF9D E=9KMJ= L@= :GN9JAYF;= GJ;GN

- - ,;*GJ)
(2

popilation cov =

1@= E9PAEME >GJ L@= ;GN9JA9F;= AK L@= HIG<M,L G> L@= KL9F<®ONEMNKRARIEKR > L@
NI9DM=IKIgo 4@AD= HIGNAF? L@9L L@= EOSPAEME AK =P9;LDQ =IM9D LG L@= HIJG<M;L G> L@=|
AK ;:GEHDA;9L=< QGM K@GMD< = 9:D= LG K== L@9L L@= EGJ= KHJ=9< GML L@= HGAFLI
:GN9JA9F;= ;9F := Q FGO QGM K@GMD< MF<=JKREBKL@F3HIIDOINAILAGF E=9FK L@9L L@= H¢
9J= EGJ= KHJ=9< GML KG QGM K@GMD< MF<=23KUIpk] 19 BIRHOADD 9DDGO >GJ 9 ?J=9L=J
:GN9JAIF;=


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/10000000000000DF0000002E78028BB81.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2014/10/10000000000000DF0000002E78028BB81.png
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09EHD= ;GN9JA9F;= AK E=9KMJ=< KREADRIAIQEZ KME AK <ANAKGE L@IL KOEHD= ;GN9JA9F;= AK
9F MF:A9K=< =KLAE9LGJ G> HGHMDI9LAGF ;GN9JA9F;=

2. (z—2)(y—9)
(n—1)

sample cov =

GJJ=DILAGF KAEHDQ ;GEH9J=K L@= ;GN9JA9F;= LG L@= KL9F<9J< <=NA9LAGFK G> L@= LO(
>GJEMD9 >GJ HGHMD9LAGF ;GJJ=D9LAGF

cov
0. P,

GJ
2 (x=1)(y—w,JIN

VY (x=p INYY. (y—u,)IN

F]:

L ALK ESPAEME L@= 9:KGDML= N9DM= G> L@= ;GN9JA9F;= =IMIDK L@= HIG<M;L G> L@= KL
9L ALK ESPAEME L@= 9:KGDML=ONIDIM= GBAF;= L@= ;GN9JA9F;= ;9F := F=?9LAN= GJ HGKALAN
KL9F<9J< <=NAI9LAGFK 9J= 9DO9QKIHGKAMME=] F=?9LAN= GJ HGKALAN= -MLLAF? L@=K= |
LG?=L@RGM ;9F K== L@HDD = :=LO==F 9F< 1@= KA?F <=H=F<K GF L@= KA?F G> L@=;GN
OF< L@= 9:KGDML= N9DM= <=H=F<K GF @GO ;DGK= L@= ;GN9JA9F;= AK LG ALK E9PAEME 1@
L@= J=DILAGFK@AHSHB2EO0K KLIGHREN KLIGF? J=DILAGFK@ABF=BOAEMD J=KMDL AF
@9NAF? 9 N9DM= ;DGK=LG GJ

Covariance, correlation, and regression

+GO AL AK LAE=LG L@AFC 9:GML @GO 9DD G>L@AK >ALK LG?=L@=J 9F< LG K==@GO L@=L0O
9J=J=D9L=< 0L9JL :Q 9KKMEAF? L@9L QGM @9INABHEEMEDBIFIGH OA<= JERNBZDB=K

‘ML GFDQ 9 F9JJGO JORRODBM=K 1@AK E=9BKAKIBEIO @ARAK KESDD KKME=L@9L QGM ?J9H(
L@-A B HGAFLK 9F< >AF< L@9L L@=Q 9DD DA= AF 9 F9JJGO :9F< KLJ=L;@=< DAF=9JDQ >JGE :G
KG L@9L L@KDK 9J= H9AI=< OAL@EREDCER< L@= KEIBEBAL@ L@= KEOROMAK E=9FK

‘GL@ L@IL L@= ;GN9JAIE;SIAKIDHIG< J=?J=KKAGF DAF= L@9L ;GE=K N=JQ ;DGK= LG 9DEGKL ¢
AK =9KADQ <J90OF 1@= ;GJI=DAGH ;GABD 9DKG := N=JQ @A?@ ;DGK=LG F =P9EHD= O/
O@Q 9DD L@=K= @9HH=F LG?=L@=J

&E9?AF= L@I9L L@= =IMILAGF >GJ L@= J=BI=KKAGl DAFE<AKP 9F< L@= LOG HGAFLK
>9JL@=KL LG L@=LGH JA?@L 9F< DA==P9;LDQ GF L@= J=?J=KKAGF DAF= 1@=K=LC
,GFLJA:MLAW H My LG L@= FME=J9LGJ G> L@= ;GN9JA9F;= &> O=
KOAL;@=< A®SFBK G> L@=K= LOG HGAFLK EGNARBaERIBKKAGF DAF= KG L@9L L@=Q :-
9F< M My Jp 9F<IQOGMD< J=E9AF L@= K9E= :ML L@=K= HGAFLK OGMD< GFDQ
LG L@= FME=J9LGJ K QGM ;9F K== ;GN9JA9F;= AK 9L ALK ?J=9L=KL ?/
L@= <AKLJAMLAGHAK®FER-0@=F L@-B HGAFLK DA= GF 9 KLJ9A?@L DAF= $AN=F L@9L ;G.


http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Screen-Shot-2015-07-29-at-3.12.39-PM.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Screen-Shot-2015-07-29-at-3.12.39-PM.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Screen-Shot-2015-07-29-at-3.10.09-PM.png
http://opentextbc.ca/introductorybusinessstatistics/wp-content/uploads/sites/45/2015/07/Screen-Shot-2015-07-29-at-3.10.09-PM.png
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; =IMODK O@=F L@= ;GN9JA9F;= AK E9PAEAR=< QGM QB¥EF+@@¥HGAFLK DA= =P9;LDQ GF
KLI9A?@L DAF= OAL@ 9 HGKALAN= KDGH= 1@=;DGK=J L@= HGAFLK DA= LG 9 KLJ9A?@L D.
AK LG ALK ESPAEME 9F< L@= ?J=9L=J L@=;GJIJ=DILAGF

KL@==P9EHD= AF #A?MJ= K@GOK L@=;DGK=JL@=HGAFLK DA=LG 9 KLJ9A?@L DAF= L@
[=?2J=KKAGF >AF<K L@= KLJ9A?@L DAF= L@9L ;GE=K 9K ;DGK= LG L@= HGAFLK 9K HGKKA
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